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Centrality indices aim to quantify the importance of nodes or edges in a network. Much 
interest has been recently raised by the body of work in which a node’s connectivity is 
understood less as its contribution to the quality or speed of communication in the network 
and more as its role in enabling communication altogether. Consequently, a node is assessed 
based on whether or not the network (or part of it) becomes disconnected if this node is 
removed.
While these new indices deliver promising insights, to date very little is known about their 
theoretical properties. To address this issue, we propose an axiomatic approach. Specifically, 
we prove that there exists a unique centrality index satisfying a number of desirable 
properties. This new index, which we call the Attachment centrality, is equivalent to the 
Myerson value of a certain graph-restricted game. Building upon our theoretical analysis 
we show that, while computing the Attachment centrality is #P-complete, it has certain 
computational properties that are more attractive than the Myerson value for an arbitrary 
game. In particular, it can be computed in chordal graphs in polynomial time.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Typically, in a network, certain nodes play more important roles than others. For example, popular individuals with 
frequent social contacts are more likely to spread a disease in the event of an epidemic [18]; popular websites concentrate 
users’ traffic on the Internet [45]; and certain parts of the brain’s neural network may be indispensable for breathing or to 
perform other vital activities [31]. Consequently, the concept of centrality index has been extensively studied in the literature 
[15,44]; such indices aim at identifying the nodes that play a key role in terms of connecting the network and facilitating 
communication between the nodes therein.

Arguably, the most well-known such indices are: Degree, Closeness, Betweenness, and Eigenvector centralities [22,13]. Each 
of these centralities looks at the connectivity of a node from a different perspectives. In particular, Degree centrality quan-
tifies the power of a node by the number of its connections, i.e., how many other nodes it can directly communicate with. 
Closeness centrality promotes nodes that are on average close to other nodes in the network and can thus communicate 
with others more efficiently. Betweenness centrality counts the shortest paths between any two nodes in the network, and 
ranks nodes according to the number of the shortest paths they belong to; thus nodes with high Betweenness centrality can 
be thought of as those exert more control over communication in the network. Finally, Eigenvector centrality assumes that 
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the importance of a node is conditioned on the importance of its neighbors, and the importance of every such neighbor
is in turn conditioned on the importance of its neighbors and so on and so forth. Apart from these fundamental centrality 
indices, many others were proposed in the literature, each looking at the role of a node in the network in a different way 
[34].

Much interest has been recently raised by the body of work in which a node’s connectivity is understood less as its 
contribution to the quality or speed of communication in the network and more as its role in enabling communication altogether
[27,3,39,4]. Consequently, a node is assessed based on whether or not the network (or part of it) becomes disconnected if this node 
is removed. Such an approach is appealing in numerous settings, especially when the goal(s) of a particular system can be 
achieved by various groups of agents, the performance of which depends on whether or not the members are connected. 
The centrality of an agent in such a networked system can be evaluated based on the agent’s contribution towards enabling 
communication in various groups. Such centrality indices are often built upon the well-known coalitional-game model of 
Myerson [43], where cooperation is restricted to groups, or “coalitions”, that are connected in a given network. Within this 
general framework, different centrality indices are obtained by specifying (i) a characteristic function that assigns a payoff 
to each connected coalition; and (ii) a method with which the contribution of each node is evaluated, with the Shapley 
value and the Myerson value being two of main such methods in coalitional game theory.

Unfortunately, the centrality indices based on this approach to connectivity have been so far evaluated only empiri-
cally. The lack of theoretical underpinnings not only makes it difficult to choose among those indices, but also hinders the 
development of efficient algorithms to compute them, especially given the inherent computational difficulty of Myerson’s 
model [55].

To address these limitations, we adopt an axiomatic approach, which typically involves two main steps: (i) identifying 
a set of requirements, or “axioms” that are desirable for a centrality index to have; (ii) identifying a centrality index that 
satisfies those requirements and proving that no other index could possibly satisfy them. In so doing, the axioms provide a 
strong theoretical foundation for the identified index. Following this approach, we identify five basic axioms (those will be 
formally defined in subsequent sections):

(1) Locality: the centrality of a node depends only on the connected component to which this node belongs;
(2) Normalization: the centrality of a node is minimized and equals 0 when the node has no neighbors, and it is maximized 

and equals n − 1 when the node is the center of a star;
(3) Fairness: the addition of an edge equally affects the centralities of both nodes connected by it;
(4) Gain-loss: the addition of an edge in a connected graph does not change the sum of the centralities of all the nodes in 

this graph;
(5) Monotonicity: the addition of an edge does not decrease the centrality of any node.

The first two, namely Locality and Normalization, seem to be reasonable requirements for any centrality index (indeed, all 
four standard centrality indices satisfy them). The remaining requirements are concerned with the impact of the addition of 
an edge. The third axiom, Fairness, proposed by Myerson [43], seems reasonable when an edge is considered to be equally 
owned by both nodes. That is to say, both nodes have an equal say in whether the edge is formed or disbanded (e.g., both 
sides of a relationship must consent to, and can break, the relation). From this point of view, it seems “fair” that both nodes 
equally benefit from their edge, since they both equally own it.1 The final two axioms that we focus on are Gain-loss and 
Monotonicity—two somewhat-opposing views of how adding an edge affects other nodes (i.e., those that are not adjacent to 
the edge).

Our first main result is to prove that there exists a unique index satisfying Normalization, Locality, Fairness and Gain-
loss, which we call: Attachment centrality; this is the first axiomatized centrality index focusing on the new approach to 
connectivity in the literature. Interestingly, we prove that by replacing just a single axiom—Gain-loss with Monotonicity—we 
obtain an axiomatization of Degree centrality.

The Attachment centrality has a simple and elegant interpretation: If we were to remove nodes from the network one by 
one in a random order, then the Attachment centrality of a node is the expected number of components created immediately 
after the removal of this node from the network, multiplied by 2 for the normalization purposes.

To get a better insight into the inner workings of the Attachment centrality, we analyze in detail the effects of adding an 
edge to the network. We capture these effects by introducing what we call Attachment Delta—a centrality index parametrized
by two nodes, s, t : s �= t . Intuitively, this index represents the role that v plays in connecting nodes s and t which is lost 
when the direct connection between s and t is added to the network. Importantly, we will show that the Attachment Delta 
of v equals the change in the Attachment centrality of v that results from the addition of the edge between s and t .

Moreover, our analysis shows that the Attachment centrality is based on the notion of induced paths—paths in which (i) 
there are no repeated nodes, and (ii) any two non-consecutive nodes are not connected by an edge in the network. These 
paths are important from the perspective of enabling communication, because each node on an induced path is required
for the existence of that path, or “communication channel”. In particular, we show that adding an edge between nodes 

1 Of course one can think of many alternative ways to interpret “fairness”. We do not argue that this one is necessarily the best way, but rather that it 
seems to be a reasonable way.
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s and t affects only the Attachment centrality of nodes that are on induced paths between s and t . Consequently, the 
Attachment centrality can be considered as an alternative to other centrality measures that are based on shortest paths 
(e.g., Betweenness centrality), flow (e.g., Flow Betweenness centrality), or walks (e.g., Eigenvector centrality).

Unfortunately, focusing on induced paths entails a high computational complexity. In particular, even determining 
whether a given node is on an induced path between two other nodes is NP-complete. In fact, we show that computing the 
Attachment centrality is #P-complete. This comes from the fact that the Attachment centrality—like many previous attempts 
to measure a node’s ability to enable communication in the network—is based on Myerson’s graph-restricted games and on 
the Myerson value [43].

Nevertheless, our analysis shows that the Attachment centrality has more desirable computational properties than an 
arbitrary centrality index that is based on the Myerson value. Specifically, we show that our index can be computed in poly-
nomial time in chordal graphs. Furthermore, we propose a general-purpose algorithm that uses cut clique decomposition 
and perform the standard Myerson-value calculation only for a part of the graph. Finally, using our algorithm, we per-
form the first analysis focused on identifying communication in the terrorist network responsible for the 2004 attacks on 
Madrid trains. Our analysis shows that the Attachment centrality gives significantly different results than standard centrality 
measures.

The remainder of the paper is structured as follows. Section 2 discusses related bodies of literature. Section 3 presents 
the necessary notation. Section 4 introduces the Attachment centrality along with its axiomatization. Section 5 discusses 
various properties of the Attachment centrality and how it is related to the notion of induced paths. Finally, Section 6
studies the computational properties of the new centrality index. Conclusions follows.

2. Related work

The literature on the interface of artificial intelligence, graph theory, and social network analysis has grown considerably 
over the past decades. On one hand, networks are a natural abstraction of many settings of interest to artificial intelligence, 
such as the domain of multi-agent systems [50] and, more generally, the emerging 4.0 industry [68]. In this context, poten-
tial applications include sensor networks and communication networks [49], logistics [30], smart energy and ride-sharing 
[10], cloud computing [29], just to name a few. Furthermore, social network analysis and graph theory are directly em-
ployed to develop new artificial intelligence tools, e.g., to support topic modeling in natural language processing [26], or 
to construct new classes of deep learning models [41,40]. On the other hand, various artificial intelligence tools can be 
applied to the analysis of networks [16]. Examples include feature selection methods that are used to support the identi-
fication of susceptibility hubs in networks with scale-free structure [36] and deep learning methods that are used to infer 
the characteristics on different nodes [46].

The remainder of this section is divided into three parts. First, we discuss alternative centrality indices relevant to our 
approach. Next, we discuss the literature on axiomatizing centrality measures. Finally, we briefly discuss the literature on 
computing the Myerson value and the computational aspects of graph-restricted games.

2.1. Relevant centrality measures

We begin with the game-theoretic centrality measure studied by Amer and Giménez [3], whereby the centrality of a 
node is the Shapley value of the following characteristic function: f (S) = 1 if the subgraph induced by S is connected and 
f (S) = 0 otherwise. This was later expanded by Lindelauf et al. [37] to an arbitrary f (S), where the subgraph induced 
by S is connected. As far as the axiomatic underpinnings are concerned, the key difference between both those centrality 
measure and the Attachment centrality proposed in this article is that the former ones satisfy Fairness and Gain-loss, but 
not Normalization and Locality.

While the aforementioned centrality indices were based on the Shapley value, other authors also considered the Myerson 
value. In particular, Gómez et al. [27] proposed a general approach in which the centrality of a node is defined as the 
difference between the Myerson value and the Shapley value of this node in a given coalitional game. Skibski et al. [55]
considered several characteristic functions (e.g., f (S) = |S|2, or f (S) = the number of edges in the subgraph induced by S) 
combined with the graph-restrictions from Myerson’s model. The resulting centrality measures satisfy Locality and Gain-loss. 
Nonetheless, depending on the characteristic function f that is being used, they may not satisfy Normalization nor Fairness 
(note that when f is based on the graph, the Myerson value may violate Fairness).

There exists also game-theoretic centrality measures tailored for specific applications. Kötter et al. [35] considered the 
graph of projections between neuronal structures in a brain, and defined the value of a coalition as the number of strongly 
connected components of the subgraph induced by that coalition. Moretti et al. [42] studied protein-protein interactions 
using the general approach proposed by Gómez [27] described above. Here, for a fixed set of key genes, the value of any 
group of genes is equal to the number of key genes that are directly connected (i.e., by an edge) only to members of that 
group. Finally, Bianzino et al. [7] focused on reducing energy consumption in communication networks, and defined the 
value of a group as the amount of traffic that this group can effectively transport.

We mention also another group of game-theoretic centralities, which does not make a distinction between connected 
and disconnected coalitions [38,62]. All these measures do not satisfy Fairness and Normalization. Also, if we consider their 
normalized version then they do not satisfy Locality.
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Finally, note that all of the above centrality measures were only tested empirically, without any axiomatic analysis.

2.2. Axiomatic characterizations of centrality measures

The first attempt to creating axiomatic characterization of centrality measures was proposed by Sabidussi [51]. In his pa-
per, Sabidussi introduced several axioms and defined centrality measures as functions that satisfy these axioms. Sabidussi’s 
axioms are based on two basic operations in a graph—adding an edge and moving an edge (i.e., changing one endpoint of 
that edge). In fact, the Monotonicity axiom that we consider in Section 4 is one the weakest axioms proposed by Sabidussi. 
Several other axioms proposed by Sabidussi are violated even by standard centrality measures such as the Closeness and 
Betweenness centralities.

Since then, many centrality measures have been axiomatically characterized. Because of their (often) complicated nature, 
a lot of attention in the literature has been devoted to the class of feedback centralities, which includes the Eigenvector, Katz, 
PageRank centralities, among others. For such centrality measures, the importance of a node is directly correlated with the 
importance of its neighbors. One of the first such axiomatic characterizations was created by van den Brink and Gilles [65]
for a centrality measure called the β-measure in the context of directed graphs. Later on, van den Brink et al. [64] proposed 
an axiomatization of this measure in the context of undirected graphs. Dequiedt and Zenou [17] considered graphs in which 
some nodes have fixed centralities. Based on this, the authors axiomatized Eigenvector and Katz centralities in undirected 
graphs. Kitti [32] proposed another axiomatization of the Eigenvector centrality, which relies on algebraic properties of the 
adjacency matrix. More recently, Wąs and Skibski [66] proposed an axiomatization of the Eigenvector and Katz centralities 
in directed graphs. One of the axiom used by the authors is a modification of the Locality axiom that we consider in 
Section 4.

Furthermore, a couple of papers focused on PageRank [45]. Palacios-Huerta and Volij [47] provided an axiomatization 
of a simplified version of PageRank in the context of journal citation networks, called the Invariant method. Altman and 
Tennenholtz [2] also focused on the simplified version of PageRank, but instead of axiomatizing the resulting numerical 
values, the authors axiomatized the resulting ranking. Finally, Wąs and Skibski [67] proposed the first axiomatization of 
PageRank in its general form.

Several papers focused on classical centralities based on distance. Garg [25] characterized the Degree, Decay and Har-
monic centralities by considering axioms that refer to the breadth-first-search structure of the graph. Boldi and Vigna [12]
proposed three axioms and showed that, out of many centrality measures that they considered from the literature, the 
Closeness centrality for disconnected graphs (called Harmonic centrality) was the only one that satisfies all of them. How-
ever, they did not propose an axiomatic characterization of this centrality, i.e., they did not show that Harmonic centrality 
is the only possible measures that satisfies all those axioms. Skibski and Sosnowska [57] formally characterized the class of 
distance-based centralities and its subclass—additive distance based centralities—using axioms similar to the ones proposed 
by Sabidussi [51]. The authors also proposed axiomatizations of Closeness, Decay, and k-Step Reach centralities. Later on, 
Sosnowska and Skibski [59] used an axiomatic approach to extend classical distance-based centralities to edge-weighted 
graphs.

Bloch et al. [11] considered a more general approach. The authors proposed the notion of nodal statistics, which describes 
the position of nodes in the network. The authors’ main claim is that the classical centrality measures use different nodal 
statistics, but process them in the same manner. Thus, for arbitrary nodal statistics, the authors propose a method to 
axiomatize a centrality measure based on these statistics.

2.3. Computational aspects of the Myerson value and graph-restricted games

The first computational study of the Myerson value was proposed by Bilbao [9], who developed explicit formulas that 
traverse only connected induced subgraphs in order to compute this value for an arbitrary graph-restricted game. Later on, 
a different closed-form formulas were developed by Elkind [19] and Skibski et al. [55]. In addition to traversing connected 
induced subgraphs, the formulas developed by Bilbao [9] and Elkind [19] require finding all the cut vertices in every such 
subgraph. This, however, is not the case for the formula developed by Skibski et al. [55], which can compute the Myerson 
value while avoiding the aforementioned extra requirement. Furthermore, we mentioned the work by Algaba et al. [1], who 
proposed a method for computing the Myerson value based on Harsanyi’s dividends in time O (3n) for n players.

The algorithm for an arbitrary graph proposed in Section 6 builds upon the theoretical analysis from Section 5, which 
shows that the computation of the Attachment centrality (the Myerson value of a particular game) can be accelerated via 
the cut clique decomposition of the network. By doing so, the standard Myerson-value calculation only needs to be carried 
out only for parts of the graph; which can potentially speed up the computation by orders of magnitude, depending on the 
topology of the network. This allowed us to perform the first analysis focused on identifying communication in the terrorist 
network responsible for the 2004 attacks on Madrid trains; see Section 6.4. Thus far, this network has never been analyzed
with a centrality index that focuses on identifying nodes that enable communication within the network. This is due to 
the computational challenge entailed by the size of this network, and by the number of connected induced subgraphs in 
particular.

While most of the literature on the computational aspects of the Myerson value assumes that the game is arbitrary, little 
is known about the complexity of computing the Myerson value for specific classes of games. One such result was proposed 
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Fig. 1. A sample graph of 6 nodes. In this graph, there are three simple paths between v and u: p1 = (v, b, a, c, u), p2 = (v, b, c, u) and p3 = (v, d, u). Out 
of these, only p2 and p3 are induced paths. Furthermore, out of those two induced paths, only p3 is the shortest path between v and u.

by Benati et al. [5], who proved that if a game is a weighted voting game, then computing the Myerson value is #P-complete. 
In Section 6, we show that even in a unanimity game of two players—one of the simplest games possible—computing the 
Myerson value is also #P-complete.

Finally, we mention a number of works that considered computing the Myerson value for certain graph types [1,28,20,
54], but not for chordal graphs, as is the case in our work (Section 6.2).

3. Preliminaries

Since our work falls at the interface of graph theory and coalitional game theory, we introduce in this section the 
necessary background and notation pertaining to both of them.

3.1. Graph theory

A graph, or a network, is a pair, G = (V , E), where V is the set of n = |V | nodes, and E is the set of undirected edges. 
Edge {v, u} ∈ E is said to be incident to nodes v and u. The set of all the incident edges of node v is denoted by �G(v), 
i.e., �G(v) = {{v, u} ∈ E : u ∈ V }. The degree of a node v is the number of edges incident to v , i.e., |�G(v)|. Two nodes, 
v, u ∈ V , are said to be neighbors if they are connected by an edge. The set of all the neighbors of a node v is denoted 
NG(v). Formally, NG (v) = {u ∈ V : {v, u} ∈ E}. If a node, v , has no neighbors, i.e., if NG (v) = �G(v) = ∅, we say that v is 
isolated. If a node has exactly one neighbor, we call it a leaf.

A path, p = (v1, . . . , vk), is a sequence of nodes in which every two consecutive nodes are connected by an edge, i.e., 
{vi, vi+1} ∈ E, ∀i ∈ {1, . . . , k − 1}. The length of a path is the number of edges in it (which equals to the number of nodes 
in the path minus 1). A path is said to be simple if it contains no repeated nodes. We write v ∈ p if v is one of the nodes 
in p. The set of all paths between v and u is denoted by �(v, u). The distance between any two nodes, v, u ∈ V , is denoted 
by dist(v, u), and is defined as the length of a shortest path between them. If there exists no path between v and u, we 
assume that dist(v, u) = ∞. There may be multiple shortest paths between certain two nodes. The set of all shortest paths 
between v and u is denoted by �s(v, u).

Nodes v, u ∈ V in graph G are said to be connected if there exists a path between them, in which case we write v ∼G u. 
A graph G is said to be connected if every two nodes in it are connected. A node is a cut vertex if its removal makes a 
connected graph disconnected. An edge with the same property, i.e., whose removal makes a graph disconnected, is called 
a bridge.

For any subset of nodes, S ⊆ V , the subgraph induced by S is denoted by G[S] and is defined as a graph whose nodes are 
S and whose edges are those in G that connect some nodes in S . Formally:

G[S] = (S, E[S]), where E[S] = {{v, u} ∈ E : v, u ∈ S}.
Any subset of nodes, S ⊆ V , is said to be connected if the subgraph induced by S is connected. We denote by K (G) the 
partition of V into disjoint sets of nodes, called connected components, that each induce a maximal connected subgraph in 
G , i.e., a connected subgraph that is not connected to any other node in G . Finally, we denote by K v(G) the connected 
component containing v in G .

Next, we introduce the concept of an induced path. In particular, a path is said to be induced if it is simple and the graph 
does not contain an edge between any two non-consecutive nodes in that path. Formally, p = (v1, . . . , vk) is an induced 
path if E[{v1, . . . , vk}] = {{vi, vi+1} : i ∈ {1, . . . , k − 1}}. Fig. 1 illustrates the difference between a simple path, an induced 
path, and a shortest path. The set of all induced paths between v and u is denoted by �i(v, u). Note that every shortest
path between v and u is an induced path between u and v , i.e., �s(v, u) ⊆ �i(v, u).

A cycle, c = (v1, . . . , vk), is a path such that v1 = vk . Analogously to paths, the cycle c is induced if E[{v1, . . . , vk−1}] =
{{vi, vi+1} : i ∈ {1, . . . , k − 1}}. A tree is a graph in which there exists exactly one path between any two nodes. A forest is a 
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graph in which there exists at most one path between any two nodes. A star is a tree in which there exists a node, v , called 
the center of the star, which is connected by an edge to every other node in the graph, i.e., we have: E = {{v, u} : u ∈ V \{v}}. 
A graph or a subgraph is said to be a clique if every two nodes in it are connected by an edge. A cut clique is a clique whose 
removal makes a connected graph disconnected.

For a graph G = (V , E) and a set of edges E ′ , we use the shorthand notation G + E ′ to denote the graph obtained by 
adding E ′ to E , i.e., the graph (V , E ∪ E ′). Similarly, we use G − E ′ to denote the graph obtained by removing E ′ from E , 
i.e., the graph (V , E \ E ′). When E ′ = {e}, we simply write G + e and G − e instead of G + {e} and G − {e}, respectively.

A function that assigns to every node a number reflecting its importance is called a centrality index and is defined as 
F : GV →RV , where GV denotes the set of all possible graphs whose set of nodes is V . Typically, the higher the centrality 
index is, the more important or central the node is. The following are three widely-studied centrality indices described by 
Freeman [22]; we will refer to them as the standard centrality indices:

• Degree centrality, D v , of a node, v , is simply the degree of v , i.e.,

D v(G) = |NG(v)|.
• Closeness centrality, C v , of a node, v , is the sum of the inverses of distances from v to other nodes (under the assumption 

that 1
∞ = 0). Formally, it is defined as follows:

C v(G) =
∑

u∈V \{v}

1

dist(v, u)
.

Note that the original definition places the summation sign in the denominator [22], which is only applicable to con-
nected graphs. To avoid this limitation, we consider the above widely-used alternative, which is applicable to any 
graph [12].

• Betweenness centrality, B v , of a node, v , is the percentage of shortest paths on which v lies, averaged over all pairs of 
nodes (other than v) that are in the same connected component as v . More formally:

B v(G) = 1

|K v(G)| − 2

∑
s,t∈K v (G)\{v}

s �=t

|{p ∈ �s(s, t) : v ∈ p}|
|�s(s, t)| .

Note that the above formula is normalized to ensure that it yields the same range of values as Degree and Closeness 
centralities, i.e., [0, n − 1].

3.2. Coalitional game theory

A game is a pair (V , f ), where V is the set of players and f : 2V →R is the characteristic function, which assigns a real 
number to each subset of players (with the only assumption being that f (∅) = 0). Any subset of players, S ⊆ V , is called a 
coalition, and f (S) is called the value of coalition S . We will often refer to a game simply by its characteristic function f . For 
a set of players, S ⊆ V , a unanimity game, denoted by uS , is defined as follows:

uS(T ) =
{

1 if S ⊆ T ,

0 otherwise.

A value of a game is a function that assigns a payoff to each player v ∈ V , i.e., ϕ : (2V →R) →RV . This payoff traditionally 
represents v ’s share out of the value of the grand coalition, i.e., the coalition of all players. Alternatively, the payoff of v
can be interpreted as an assessment of the importance of v in the game. Thus, a value of a game plays the same role as a 
centrality index of a network; the former ranks players whereas the latter ranks nodes.

Shapley [52] was the first to propose an axiomatic approach to the problem of payoff division. In particular, Shapley 
proved that there exists a unique value satisfying some intuitive and desirable properties (also known as axioms):

• Efficiency: 
∑

v∈V ϕv( f ) = f (V ), for every game f ;
• Symmetry: ϕv( f ) = ϕπ(v)(π( f )), for every game f and every bijection π : V → V , where π( f )(S) = f ({π(v) : v ∈ S});
• Additivity: ϕ( f ) + ϕ( f ′) = ϕ( f + f ′) for every pair of games, f , f ′ , where ( f + f ′)(S) = f (S) + f ′(S);
• Null-player Axiom: if f (S ∪ {v}) = f (S) for every S ⊆ V , then ϕv( f ) = 0, for every game f .

This value—now widely known as the Shapley value—is denoted for player v by S V v( f ) and defined as:

S V v( f ) = 1

|V |
∑ 1(|V |−1) (

f (S ∪ {v}) − f (S)
)
. (1)
S⊆V \{v} |S|
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Here, the expression f (S ∪ {v}) − f (S) is known as the marginal contribution of player v to coalition S; it is the difference 
that v makes when joining S . An alternative equivalent formula for the Shapley value is:

S V v( f ) = 1

|V |!
∑

π∈�(V )

(
f (Sπ

v ∪ {v}) − f (Sπ
v )

)
, (2)

where �(V ) is the set of all permutations of set V , i.e., all bijections π : V → {1, . . . , |V |}, and Sπ
v is the set of players that 

precede v in π , i.e., Sπ
v = {u ∈ V : π(u) < π(v)}.

Myerson [43] considered a model under which the cooperation of players is restricted by a communication graph, G . 
Specifically in this model, only connected coalitions, i.e., coalitions in which all members can communicate (either directly or 
indirectly through intermediaries members) can generate value added from cooperation. As for any disconnected coalition, 
its value equals the sum of the values of its connected components. As such, Myerson’s model is defined by a graph, G , and 
a function, f , that specifies the value of every connected subgraph of G . Over the past decades, this became widely accepted 
as the canonical model of restricted cooperation. Myerson also proposed a value—now known as the Myerson value—which 
is denoted for player v by M V v( f , G); this value is simply the Shapley value of the restricted game (V , f /G), i.e.:

M V v( f , G) = S V v( f /G), (3)

where f /G is defined as follows:

f /G(S) =
∑

C∈K (G[S])
f (C), for every S ⊆ V . (4)

Myerson [43] proved that for every game, f , there exists a unique value that satisfies two axioms called Component Efficiency
and Fairness. The former axiom can be thought of as a graph version of Shapley’s Efficiency axiom, i.e.:

• Component Efficiency (for game f ):
∑

v∈C ϕv(G) = f (C) for every graph G , every connected component C ∈ K (G) and 
every game f .

The later axiom—Fairness—requires that the addition of an edge equally affects the two nodes connected by that edge. We 
will define this axiom more formally in the following section, when we use it to characterize the importance of different 
nodes in a given graph.

4. Attachment centrality

Our aim in this section is to define a new centrality index that reflects a node’s ability to enable communication in the 
network, by following an “axiomatic approach”. That is, we want to identify a set of requirements, and then prove that 
there exists exactly one possible centrality index that satisfies all of those requirements, or “axioms”. This way, the axioms 
would serve as a theoretical foundation for the centrality index that they uniquely define. Ideally, those axioms should be 
as intuitive and desirable as possible, to justify the use of the resulting index. In reality, however, any such set of axioms 
would probably be more suitable and intuitive for some settings, and less so for others. Still, identifying such a set of axioms 
would serve as a important step towards better understanding how a centrality index, F , can be tailored to reflect a node’s 
ability to enable communication.

To this end, we propose five requirements, namely Locality, Normalization, Fairness, Monotonicity, and Gain-loss. Next, we 
explain each of these requirements, starting with Locality:

Locality: For every graph G = (V , E) and every node v ∈ V , the centrality of v depends solely on G[K v(G)]. That is,

F v
(
G
) = F v

(
G[K v(G)]).

As centrality indices are typically defined for connected graphs, the Locality requirement can be interpreted as a natu-
ral extension to disconnected graphs, whereby the index is independently applied to every connected component of the 
disconnected graph. Note that all three standard indices—Degree, Closeness and Betweenness—satisfy this requirement.

Moving on to the Normalization requirement, which is inspired by the observation that all three standard centralities—
Degree, Closeness, and (normalized) Betweenness—return a minimum value of 0, and a maximum value of n − 1. Moreover, 
they are all minimized when the node is isolated, and maximized when the node is the center of a star. Our Normalization 
requirement generalizes this observation as follows.

Normalization: For every G = (V , E) and v ∈ V , we have:

• F v(G) ∈ [0, n − 1];
• F v(G) = 0 when v is isolated in G;
• F v(G) = n − 1 when G is a star, the center of which is v .
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The remaining three requirements are concerned with the impact of adding an edge; Fairness focuses on how this addition 
affects both ends of the edge, whereas Monotonicity and Gain-loss focus on how this addition affects every node other than 
the two ends of the edge. Next, we explain each requirement in more detail.

Fairness: For every G = (V , E) and every v, u ∈ V , adding the edge {v, u} affects the centrality of v and u equally:

F v(G + {v, u}) − F v(G) = Fu(G + {v, u}) − Fu(G).

This notion of Fairness was first proposed by Myerson [43]. Arguably, this seems to be a reasonable requirement when the 
two ends of the edge are considered to be equally responsible for it. This is perhaps more evident in settings where the 
formation of an edge requires the consent of both ends, and where the edge can be broken at any time by either end, such 
as friendship relationships for example. Interestingly, Closeness and Betweenness centralities do not satisfy the Fairness 
requirement. As mentioned earlier, this requirement is clearly not the only possible interpretation of a “fair” centrality 
index. However, we choose not to modify the name proposed by Myerson because, at least in some settings, it seems to be 
reasonably fair.

Moving on to the final two requirements, namely Gain-loss and Monotonicity; these reflect somewhat-opposing views of 
how adding an edge affects the indices of the remaining nodes. Next, we formally define these two requirements, before 
discussing the intuition behind each.

Gain-loss: For every connected graph, G = (V , E), and every pair of nodes, u, w ∈ V , adding the edge {u, w} does not affect the 
sum of indices, i.e.:∑

v∈V

F v(G + {u, w}) =
∑
v∈V

F v(G).

Monotonicity: For every graph, G = (V , E), adding an edge does not decrease the index of any node in V . That is, for every 
v, u, w ∈ V :

F v(G + {u, w}) ≥ F v(G).

Arguably, from the point of view of enabling communication, Gain-loss makes more sense compared to Monotonicity. To 
see why this is this case, consider a situation in which the removal of a node, v , breaks a connected graph, G , into two 
components, G1 and G2. Clearly, v plays an important role in terms of enabling communication, since its presence is 
necessary to connect G1 with G2. Now suppose that the edge {u, w} was added to G , where u belongs to G1 and w belongs 
to G2. With this addition, it seems reasonable to claim that the role played by u and w grows more important, whereas 
the role played by v diminishes, since its presence is no longer necessary to connect G1 with G2. From this perspective, the 
Gain-loss requirement seems reasonable, whereas Monotonicity seems rather unintuitive, since it assumes that the role of 
v in enabling communication remains unchanged, or even grows more important, after the addition of {u, w}.

Note that the Gain-loss requirement only deals with the addition of an edge to an already-connected component. As such, 
if an edge is added that connects some of the connected components of a disconnected graph, the Gain-loss requirement 
places no assumptions or restriction on how this would affect the centrality of nodes across the graph.

Having defined the five requirements, we are now ready to introduce our centrality index, which we call Attachment 
centrality. Later on, we will prove that this centrality index is the unique index satisfying Locality, Normalization, Fairness 
and Gain-Loss (Theorem 2) and that the Degree centrality is the unique index satisfying Locality, Normalization, Fairness 
and Monotonicity (Theorem 3).

Definition 1. Attachment centrality is the centrality index defined for a graph, G = (V , E), and a node, v ∈ V , as:

Av(G) = 1

|V |!
∑

π∈�(V )

mc∗
v(Sπ

v ), (5)

where for any S ⊆ V \ {v}, the term mc∗
v(S) equals the number of components in G[S] that node v connects, multiplied by 

two, i.e.:

mc∗
v(S) = 2(|K (G[S])| − |K (G[S ∪ {v}])| + 1). (6)

The intuition behind the Attachment centrality is as follows. If we were to remove nodes from the graph one by one in 
a random order, then the Attachment centrality of v ∈ V would be the expected number of components created from the 
removal of v , multiplied by 2 for normalization purposes.

Equivalently, the Attachment centrality can be defined as the Myerson value of the game f ∗(S) = 2(|S| − 1) restricted by 
the communication graph G , i.e.:

Av(G) = M V v( f ∗, G). (7)
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Fig. 2. The graph considered in Example 1.

To see why this is the case, first recall that f /G denotes the game f restricted by the graph G , defined in Equation (4). 
Thus:

f ∗/G(S) =
∑

C∈K (G[S])
f ∗(C) =

∑
C∈K (G[S])

2(|C | − 1) = 2(|S| − |K (G[S])|). (8)

This equation implies that f ∗/G(S) ∈ {0, 2, . . . , 2(|S| − 1)}. It also implies that f ∗/G(S ∪ {v}) − f ∗/G(S) = mc∗
v(S). Based on 

this, as well as Equation (2), we find that the Attachment centrality is equivalent to the Shapley value of the game f ∗/G , 
i.e.:

S V v( f ∗/G) = 1

|V |!
∑

π∈�(V )

(
f ∗/G(Sπ

v ∪ {v}) − f ∗/G(Sπ
v )

) = 1

|V |!
∑

π∈�(V )

mc∗
v(Sπ

v ) = Av(G) (9)

Based on this equation, as well as Equation (3), we can derive the following alternative formula for the Attachment central-
ity:

Av(G) = 1

|V |
∑

S⊆V \{v}

mc∗
v(S)(|V |−1
|S|

) . (10)

Example 1. Consider the sample graph, G , that is illustrated in Fig. 2. We know from Equation (8) that the coalitional 
game f ∗/G assigns to every group of nodes, S , a value representing how well S is connected. For example, if there are 
no edges between the members of S , then its value is minimized and equals 0, e.g., for S = {u, w} we have f ∗/G(S) = 0. 
On the other hand, if S is connected2 then its value is maximized and equals 2(|S| − 1), e.g., for S = {v, u, w} we have 
f ∗/G(S) = 2(3 − 1) = 4. More generally, the values of all the groups in the game f ∗/G are as follows:

S f ∗/G(S) S f ∗/G(S) S f ∗/G(S) S f ∗/G(S)

∅ 0 {v} 0 {u, w} 0 {v, u, w} 4
{u} 0 {v, u} 2 {u, t} 0 {v, u, t} 4
{t} 0 {v, t} 2 {w, t} 2 {v, w, t} 4
{w} 0 {v, w} 2 {u, w, t} 2 {v, u, w, t} 6

We also know from Equation (9) that the Attachment centrality is defined as the Shapley value of the game f ∗/G , i.e., 
it reflects the importance of each node in this game. Now, consider node v . The coalitions that do not contain v are in 
columns 1 and 3 of the table above, while the coalitions containing v are in columns 2 and 4. Using Equation (10), we 
have:

AV v(G) = 1

4

(
0

1
+ 2

3
+ 2

3
+ 2

3
+ 4

3
+ 4

3
+ 2

3
+ 4

1

)
= 7

3
.

Performing the same calculations for other nodes we get:

AV u(G) = 1, AVt(G) = 4/3, AV w(G) = 4/3.

In accordance with intuition, the only cut vertex, v , is the most important node in the graph according to the Attachment 
centrality. Nodes w and t are slightly more important than node u, as they are connected to each other. This concludes 
Example 1.

In order to prove that the Attachment centrality is the unique centrality index that satisfies Locality, Normalization, 
Fairness and Gain-loss, we will start by showing that it satisfies those axioms.

2 Recall that a subset of nodes, S ⊆ V , is said to be connected if G[S]—the subgraph induced by S—is connected.
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Lemma 1. The Attachment centrality satisfies Locality, Normalization, Fairness, and Gain-loss.

Proof. We consider all axioms one by one. In particular, Myerson’s result, as well as Equation (7), imply that the Attachment 
centrality satisfies Fairness, and that for every graph G and every connected component C ∈ K (G) we have:∑

v∈C

Av(G) = 2(|C | − 1). (11)

This implies that adding an edge between two nodes in a connected component C ∈ K (G) does not affect the sum of the 
Attachment centrality of every node in that component. This, in turn, implies that the Attachment centrality satisfies the 
Gain-loss requirement.

Moving on to Normalization; we need to show that the Attachment centrality satisfies the three conditions outlined in 
the definition of Normalization. To this end, for every v ∈ V :

• If v is isolated in G , then v forms a connected component by itself, and (11) implies that Av (G) = 0.
• If G is a star the center of which is v , then we need to show that Av (G) = n − 1. To this end, for every S ⊆ V \ {v}, 

the induced subgraph G[S] consists of |S| connected components, whereas the subgraph G[S ∪ {v}] consists of a single 
connected component. Thus, mc∗

v (S) = 2|S|. This fact, together with Equation (10), imply that:

Av(G) = 1

|V |
∑

S⊆V \{v}

2|S|(|V |−1
|S|

) = 2

n

n−1∑
s=0

s
∑

S⊆V \{v}
|S|=s

1(n−1
s

) = 2

n

n−1∑
s=0

s = n − 1.

• Finally, we need to prove that Av (G) ∈ [0, n −1]. Note that 0 ≤ mc∗
v(S) ≤ 2|S| simply because the number of components 

in G[S] that are connected by v is between 0 and |S|. Furthermore, if mc∗
v(S) = 2|S| for every S ⊆ V \ {v}, then 

Av(G) = n − 1, as we just proved. In contrast, if mc∗
v (S) = 0 for every S ⊆ V \ {v}, then Av(G) = 0. This implies that 

Av(G) ∈ [0, n − 1].

The above three points imply that the Attachment centrality satisfies the Normalization requirement.
Next, we prove that the Attachment centrality satisfies Locality. In other words, given a graph, G = (V , E), and a node, 

v ∈ V , we prove that Av(G) = Av(G[K v(G)]). Observe that mc∗
v (S) is not influenced by any node lying outside K v (G). Thus, 

for every S ⊆ V \ {v}, we have: mc∗
v(S) = mc∗

v(S ∩ K v(G)). Next, we rewrite (5) as follows:

Av(G) =
∑

S⊆K v (G)\{v}
mc∗

v(S)
∑

P⊆V \K v (G)

1

|V |(|V |−1
|S∪P |

) .

Simple calculations show that for every S ⊆ K v(G) \ {v} we have:∑
P⊆V \K v (G)

1

|V |(|V |−1
|S∪P |

) = 1

|K v(G)|(|K v (G)|−1
|S|

) .

Thus, Av(G) = Av(G[K v(G)]), i.e., the Attachment centrality satisfies Locality. This concludes the proof of Lemma 1. �
Theorem 2. The Attachment centrality is the unique centrality index that satisfies Locality, Normalization, Fairness, and Gain-loss.

Proof. In Lemma 1 we proved that the Attachment centrality satisfies Locality, Normalization, Fairness and Gain-loss. It 
remains to prove that the Attachment centrality is the only such possible centrality index. To put it differently, given a 
centrality index, F , that satisfies those requirements, it remains to prove that F v(G) = Av(G) for any graph G = (V , E) and 
any node v ∈ V . We will do so by showing that the sum of the F indices of all nodes belonging to the same connected 
component S equals: f ∗(S) = 2(|S| − 1). In so doing, we show that F satisfies Component Efficiency for game f ∗ . Since F
also satisfies Fairness, then based on Myerson’s result, this index is unique.

Let G = (V , E) be a star with node v being the center, and let u be an arbitrary node in V \ {v}. Normalization implies 
that:

F v(G) = n − 1.

Next, we show that Fu(G) = 1. To this end, consider the graph obtained from G by removing the edge {v, u}. Since u is 
isolated in G − {v, u}, Normalization implies that:

Fu(G − {v, u}) = 0,

and from Locality, we know that:
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F v(G − {v, u}) = F v(G[V \ {u}]) = n − 2.

Now since the Fairness requirement implies that the removal of {v, u} affects the centrality indices of both v and u equally, 
then:

Fu(G) = Fu(G − {v, u}) + (F v(G) − F v(G − {v, u})) = 1.

As node u was chosen arbitrarily from the set V \ {v}, we conclude that every node other than the center of the star has a 
centrality index of 1. Thus, the sum of indices in a star equals 2(n − 1). As every connected graph can be obtained from a 
star by adding and removing edges, the Gain-loss requirement implies that the sum of indices in any connected graph with 
n nodes equals 2(n − 1). Finally, Locality implies that the sum of indices in any connected component S equals 2(|S| − 1). 
This concludes the proof of Theorem 2. �

Interestingly, replacing Gain-loss by Monotonicity in this axiomatization leads to the Degree centrality, as stated in the 
following theorem.

Theorem 3. The Degree centrality is the unique centrality index that satisfies Locality, Normalization, Fairness, and Monotonicity.

Proof. We begin by proving that the Degree centrality satisfies Locality, Normalization, Fairness, and Monotonicity. For any 
graph, G = (V , E), and any node, v ∈ V :

• Locality: D v(G) depends solely on the connected component containing v in G , meaning that Locality is met;
• Normalization: D v (G) = 0 when v is isolated, and D v (G) = n − 1 when G is a star the center of which is v . It also 

holds that: 0 ≤ D v(G) ≤ n − 1. Thus, Normalization is met;
• Monotonicity: D v (G) does not decrease by adding the edge {u, w} for any u, w ∈ V : u �= w , meaning that Monotonicity 

is met;
• Fairness: adding an edge, {v, u} for any v, u ∈ V : v �= u, increases the Degree centrality of both v and u by 1. Therefore, 

Fairness is met.

It remains to prove that Degree centrality is the only possible centrality index satisfying the above four requirements, i.e., 
assuming that F is a centrality index that satisfies those requirements, it remains to prove that F v (G) = D v(G) for any graph 
G = (V , E) and any node v ∈ V . We will do so by first proving that F v (G) ≥ D v(G) and then proving that F v (G) ≤ D v(G).

Step 1: In this step, we will prove that:

F v(G) ≥ D v(G), for every v ∈ V . (12)

Let us fix a node, v ∈ V , and remove all the edges from G except those connecting v to its neighbors. In so doing, we obtain 
a new graph, G ′ , such that K v(G ′) forms a star the center of which is v . Since v is the center of the star G ′[K v(G ′)], then 
based on Locality and Normalization:

F v(G ′) = F v(G ′[K v(G ′)]) = |K v(G ′)| − 1 = D v(G).

Furthermore, from Monotonicity we know that: F v (G) ≥ F v(G ′), which concludes the proof of the correctness of (12).

Step 2: In this step, we will prove that:

F v(G) ≤ D v(G), for every v ∈ V . (13)

To this end, for any set of nodes, V , and any v ∈ V , let G†
v(V ) ⊆ GV denote the set of all possible graphs such that all nodes 

in V \ {v} form a clique, i.e.:

G†
v(V ) = {(V , E) : {u, w} ∈ E for every u, w ∈ V \ {v}, u �= w}.

We will prove by induction over the degree of v that the following holds:

F v(G) = D v(G), for every G ∈ G†
v(V ). (14)

Specifically, for any graph, G ∈ G†
v (V ), if |NG(v)| = 0, then v is isolated and (14) holds from Normalization. Now, assume 

that (14) holds for all G ∈ G†
v(V ) such that |NG(v)| ≤ k for some integer k < n − 1. We will prove that (14) also holds 

for every graph G ∈ G†
v(G) such that |NG (v)| = k + 1. Let G be one such graph, and let u ∈ V be a neighbor of v in 

G . Then, if we remove the edge {v, u} from G , we obtain a new graph, G − {v, u} ∈ G†
v(G), in which the degree of v

equals k. From the inductive assumption we know that F v (G − {v, u}) = D v(G − {v, u}) = k. We also know from (12) that 
F v(G) ≥ D v(G) = k + 1. This means that removing {v, u} from G decreases the centrality of v by at least 1.
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F v(G) − F v(G − {v, u}) ≥ 1. (15)

Now let us turn our attention back to node u. Observe that:

• Fu(G) = n − 1. This is because u is connected to v in G (since u and v are neighbors) and connected to every other 
node in G (since V \ {v} forms a clique). Thus, based on Normalization and (12), it holds that: Fu(G) = n − 1;

• Fu(G − {v, u}) ≥ n − 2. This follows immediately from (12) and the fact that node u has n − 2 neighbors in G − {v, u}.

The above two observations imply that, with the removal of {v, u} from G , the centrality of u decreases by at most 1. That 
is,

Fu(G) − Fu(G − {v, u}) ≤ 1. (16)

Based on (15) and (16), as well as the Fairness requirement, we conclude that: F v (G) − F v(G − {v, u}) = 1, implying that 
F v(G) = D v(G). This concludes our proof of the correctness of (14).

Let us now move back to our original goal—proving the correctness of (13), i.e., proving that F v(G) ≤ D v(G) for every 
G ∈ GV and v ∈ V . To this end, we know from (14) that if V \ {v} happened to form a clique in G , then F v (G) = D v(G). If 
V \ {v} did not form a clique in G , then we can add every missing edge between pairs of nodes in V \ {v}. In so doing, we 
end up with a new graph, G ′ , in which V \ {v} forms a clique and D v (G) = D v(G ′). Thus, based on Monotonicity and (14), 
we have:

F v(G) ≤ F v(G ′) = D v(G ′) = D v(G).

This concludes the proof of Theorem 3. �
We end this section by showing the independence of axioms for both axiomatizations. We use Iverson brackets: [P ] = 1

if the logical condition P is true, and [P ] = 0, otherwise.

• F v(G) = D v(G) violates Gain-loss, but satisfies Locality, Normalization, Fairness, and Monotonicity;
• F v(G) = Av(G) violates Monotonicity, but satisfies Locality, Normalization, Fairness, and Gain-loss;
• F v(G) = |K v(G)| − 1 violates Fairness, but satisfies Locality, Normalization, Monotonicity, and Gain-loss;
• F v(G) = 0 violates Normalization, but satisfies Locality, Fairness, Monotonicity, and Gain-loss;
• F v(G) = (n − 1) · [G is connected] violates Locality, but satisfies Normalization, Fairness, Monotonicity, and Gain-loss.

Note that Theorems 2 and 3 imply that there exist no centrality index that satisfies all five axioms: Locality, Normalization, 
Fairness, Monotonicity, and Gain-loss.

5. Properties

In this section, we discuss the properties of the Attachment centrality. We begin by analyzing in more detail how adding 
an edge impacts the Attachment centrality. We show, in particular, that there exists a strong relation between the Attach-
ment centrality and the notion of induced paths. Later on, building upon this analysis, we consider how the presence of cut 
cliques, bridges, and leaves in a graph affects the Attachment centrality.

5.1. Induced paths and the Attachment Delta

To better understand how the Attachment centrality works, let us introduce the concept of the Attachment Delta, which 
is a centrality index based on the Myerson value parametrized by two nodes, s, t ∈ V . Basically, for every node, v , this 
index reflects the role that v plays in connecting s with t . As we will show next, the Attachment Delta also reflects how the 
addition of the edge {s, t} affects the Attachment centrality.

Definition 2. For two nodes s, t ∈ V , the Attachment Delta is the centrality index defined for every graph, G = (V , E), and 
every node, v ∈ V , as:

�s,t
v (G)=2 · M V v(u{s,t}, G)= 2 · |{π ∈�(V ) : (s ∼G[Sπ

v ∪{v}] t)∧(s �∼G[Sπ
v ] t)}|

|V |! . (17)

Recall that (s ∼G t) means that nodes s and t are connected in graph G .3 From the definition, we see that the Attachment 
Delta assigns non-zero value only to the nodes for which there exists a permutation of nodes such that in the subgraph 
induced by the predecessors of v:

3 Note that we slightly abuse this notation and use it also for nodes which are outside of graph G = (V , E). This is because, if s, t �∈ V , then obviously 
they are not connected in G: s �∼G t .
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• nodes s and t are not connected; but
• after the addition of node v and its edges, nodes s and t become connected.

Alternatively, we can say that v connects s and t in some (induced) subgraph. Formally, s and t are not connected in G[S], 
but they are connected in G[S ∪ {v}] for some S ⊆ V \ {v}.

Before we move on to analyze the Attachment Delta in detail, let us motivate this analysis by showing the connection of 
the Attachment Delta to the Attachment centrality. In a nutshell, the Attachment Delta of node v ∈ V \ {s, t} is equal to the 
decrease in the Attachment centrality of node v caused by the addition of edge {s, t}. To put it differently, the Attachment 
Delta represents the role that v plays in connecting nodes s and t which is lost when the direct connection between s and 
t is added to the graph.

Lemma 4. For every graph G = (V , E), edge {s, t} �∈ E and node v ∈ V \ {s, t}:

�s,t
v (G) = Av(G) − Av(G + {s, t}).

Moreover, �s,t
v (G) = Av(G) − Av(G + {s, t}) + 1 if v ∈ {s, t}.

Proof. Let us denote G + {s, t} by G ′ . Using the Iverson brackets, our formula can be rewritten as follows:

�s,t
v (G) − [v ∈ {s, t}] = Av(G) − Av(G ′). (18)

We begin by showing that:

�s,t
v (G ′) = [v ∈ {s, t}]. (19)

Fix v ∈ V and consider an arbitrary coalition S ⊆ V \ {v}. Since the edge {s, t} is in G ′ , the condition (s ∼G ′[S] t) is satisfied 
if and only if s, t ∈ S . Thus, we get:

(s ∼G ′[S∪{v}] t) ⇔ (s ∼G ′[S] t), if v ∈ V \ {s, t},
which combined with (17) implies that �s,t

v (G ′) = 0. Next, assume otherwise that v ∈ {s, t}. Without loss of generality, let 
v = s. Since s �∈ S , we have that (s �∼G ′[S] t) and that:

(s ∼G ′[S∪{v}] t) ∧ (s �∼G ′[S] t) ⇔ (t ∈ S), if v = s.

By using (17) we get: �s,t
s (G + {s, t}) = 2 · |{π ∈ �(V ) : t ∈ Sπ

s }|/|V |! = 1, because t is before s in half of the permutations, 
and after s in the other half. Hence, we proved the correctness of (19). Now, by combining (18) and (19) we get that:

Av(G) − Av(G ′) = �s,t
v (G) − �s,t

v (G ′). (20)

From Definitions 1 and 2 and Additivity of the Shapley value, we conclude that, in order to prove (20), it is sufficient to 
show the equality of the corresponding coalitional games:

f ∗/G − f ∗/(G ′) = 2 · u{s,t}/G − 2 · u{s,t}/(G ′).

This, however, based on (4) and (7), is equivalent to:

K (G ′[S]) − K (G[S]) = [s ∼G[S] t] − [s ∼G ′[S] t], for every S ⊆ V , (21)

where [P ] denotes the Iverson brackets. If s �∈ S or t �∈ S , then clearly both sides of the equation simplify to 0. Assume 
s, t ∈ S . From the fact that s and t are connected by an edge in G ′ , we know that (s ∼G ′[S] t). Also, 1 − [P ] = [¬P ]. Thus, we 
get that (21) is equivalent to:

K (G ′[S]) = K (G[S]) − [s �∼G[S] t], for every S ⊆ V : s, t ∈ S.

To see why this is case, note that if s and t are not connected in G[S], then the number of components in G ′[S] is smaller 
than in G[S] by one, i.e., K (G ′[S]) = K (G[S]) − 1; otherwise, the numbers of components in both graphs are the same: 
K (G ′[S]) = K (G[S]). This concludes the proof of Lemma 4. �

The Attachment Delta can be considered as an alternative to assessing the role of a node in connecting two nodes by 
looking at either the shortest paths, as in the classical Betweenness centrality [21] or the flow, as in the Flow Betweenness 
centrality [23]. In the following example, we compare it with these alternatives.
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s

v3 v4 v5 v6

t

v1 v2

Fig. 3. A sample graph of eight nodes with two paths between s and t , which are (s, v1, v2, t) and (s, v3, v4, v5, v6, t).

Example 2. Given the graph in Fig. 3, consider the following question: what is the role of nodes v1, . . . , v6 in connecting s
and t? According to the Betweenness centrality, the role of a node v reflects the proportion of the shortest paths between 
s and t that v belongs to. More specifically:

Bs,t
v (G) = |{p ∈ �s(s, t) : v ∈ p}|

|�s(s, t)| .

This implies that only the nodes v1 and v2 are important in connecting s and t , since we have: (Bs,t
v1 (G), . . . , Bs,t

v6 (G)) =
(1, 1, 0, 0, 0, 0).

Now, consider the Flow Betweenness centrality [23]. According to this index, a node is as important as its (relative) 
marginal contribution to the flow between both nodes, i.e.:

FBs,t
v (G) = flows,t(G) − flows,t(G[V \ {v}])

flows,t(G)
.

For an unweighted graph, the amount of the flow is equivalent to the number of edge-independent paths from s and t . As 
there exist two paths between s and t in graph G , we have flows,t(G) = 2, and for every node vi we have flows,t(G[V \
{vi}]) = 1. This implies that the nodes v1, . . . , v6 are equally important in terms of connecting s and t , since we have: 
(FBs,t

v1 (G), . . . , FBs,t
v6 (G)) = ( 1

2 , 12 , 12 , 12 , 12 , 12 ).
Arguably, both of these results are counterintuitive. On one hand, the nodes v3, . . . , v6 seem to have some non-zero role 

in connecting s and t . On the other hand, this role seems smaller than the role of nodes v1, v2 since those latter nodes 
form the shorter path between s and t . Viewed from a different perspective, node v1 requires only one other node—v2—in 
order to provide a connection between s and t , whereas node v3 requires three other nodes—v4, v5, v6—in order to provide 
such a connection. Thus, it seems counterintuitive to consider v1 and v3 indistinguishable in terms of the role they play in 
connecting s and t .

Compared to the outcomes of Bs,t and FBs,t , the outcome of the Attachment Delta seems consistent with this intuition, 
since we have: (�s,t

v1 (G), . . ., �s,t
v6 (G)) = ( 1

4 , 14 , 1
12 , 1

12 , 1
12 , 1

12 ). For instance, let us explain where the value �s,t
v1 (G) = 1

4 comes 
from. In any permutation, π , the node v1 connects s and t in the subgraph induced by the predecessors of v1 if (i) all 
the nodes s, t, v2 are before v1, and (ii) not all the nodes v3, v4, v5, v6 are before v1. Condition (i) is satisfied in 1

4 of all 
the permutations, and among those, condition (ii) is not satisfied only when all nodes are before v1, i.e., v1 is last in the 
permutation, which happens in 1

8 of all permutations. Thus, �s,t
v1 (G) = 2( 1

4 − 1
8 ) = 1

4 . Analogously, it can be shown that 
�

s,t
v3 (G) = 2( 1

6 − 1
8 ) = 1

12 . This concludes Example 2.

Observe that both paths (s, v1, v2, t) and (s, v3, v4, v5, v6, t) in Fig. 3 are induced. The following lemma shows that the 
Attachment Delta of a node is non-zero if and only if it is on an induced path.

Lemma 5. For every graph G = (V , E) and nodes v, s, t ∈ V , �s,t
v (G) �= 0 if and only if there exists an induced path, p ∈ �i(s, t), such 

that v ∈ p.

Proof. From Definition 2, we have that �s,t
v (G) ≥ 0 and �s,t

v (G) > 0 if and only if there exists a coalition S ⊆ V \ {v} such 
that (s �∼G[S] t), but (s ∼G[S∪{v}] t). Thus, we need to prove that such a coalition exists if and only if there exists an induced 
path from s to t that traverses v:

(∃p ∈ �i(s, t) : v ∈ p) ⇔ (∃S ⊆ V : (s �∼G[S] t) ∧ (s ∼G[S∪{v}] t)
)
.

⇒: First, observe that if there exists an induced path p = (u1, . . . , um) ∈ �i(s, t) such that u1 = s, um = t and uk = v for 
some k ∈ {1, . . . , m}, then S = {u1, . . . , um} \ {uk} is the coalition that we are looking for: since p is an induced path, there 
exists no edge between u1, . . . , uk−1 and uk+1, . . . , um; thus, (s �∼G[S] t), but (s ∼G[S∪{v}] t).

⇐: Now, assume there exists S ⊆ V such that (s �∼G[S] t) and (s ∼G[S∪{v}] t). We will show that v is on some induced 
path between s and t . To this end, consider the shortest path from s to v and from v to t in G[S ∪ {v}]: ps = (u1, . . . , uk), 
pt = (uk, . . . , um) such that u1 = s, uk = v and um = t . We will prove by contradiction that p∗ = (u1, . . . , um) is an induced 
path.
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To this end, consider two non-consecutive nodes ui , u j , 1 ≤ i < j ≤ m, j �= i + 1 and assume {ui, u j} ∈ E . If j ≤ k, then 
ui, u j ∈ ps which contradicts the assumption that ps is the shortest path between s and v . Analogously, if i ≥ k, then 
ui, u j ∈ pt which implies that pt is not the shortest path between v and t . If i < k and j > k, then (u1, . . . , ui, u j, . . . , um) is 
a path in G[S] which contradicts the fact that (s �∼G[S] t). This shows that p∗ is an induced path and concludes the proof of 
Lemma 5. �

An immediate conclusion from Lemmas 4 and 5 is the following theorem.

Theorem 6. Adding an edge {s, t} to a graph G affects only the Attachment centrality of s, t, and the nodes belonging to any of the 
induced paths between s and t.

Proof. Fix v ∈ V \ {s, t}. From Lemma 4, we know that Av(G) − Av(G + {s, t}) = �
s,t
v (G). Thus, from Lemma 5 we get that 

Av(G) − Av(G + {s, t}) �= 0 if and only if v lies on an induced path between s and t . Now, if v ∈ {s, t}, then from Lemma 4
we have that Av (G) − Av(G + {s, t}) = �

s,t
v (G) − 1. Since �s,t

v (G) = 1 if and only if edge {s, t} is already in G , we get that 
Av(G) − Av(G + {s, t}) �= 0. �

Let us summarize our analysis of the effects of adding edge {s, t} to graph G on the role of the nodes in connecting s
and t:

• if node v is not on any induced path between s and t (did not connect them), then its Attachment centrality does not 
change;

• if node v , other than s and t , is on an induced path between s and t , then v ’s role in connecting these nodes (equal to 
�

s,t
v (G)) is deduced from its Attachment centrality;

• if v ∈ {s, t}, then v ’s role in connecting s and t (equal to �s,t
v (G)) is deduced from its Attachment centrality and 1

(which represents the role in connecting s and t in graph G + {s, t}) is added.

Building upon our analysis, the Attachment centrality can be constructed from the Attachment Delta using the following 
scheme: (1) start with an empty graph G∗ = (V , ∅) and set the centrality index of each node to zero, i.e., Av(G∗) = 0 for 
every v ∈ V ; (2) add to G∗ edges from E , one by one, and for every such edge update the centralities according to Lemmas 4
and 5. Moreover, the order in which edges are added would not affect the final result. In particular, by adding edges of v at 
the very end of the process, we get the following reformulation of the Attachment centrality:

Theorem 7. For every graph G = (V , E), node v ∈ V and NG(v) = (u1, . . ., uk):

Av(G) = |NG(v)| −
∑

ui∈NG (v)

�
v,ui
v (G − {{v, u j} : j ≤ i}).

Proof. For i ∈ {0, . . . , k}, let us denote by Gi the graph obtained from G by removing i edges of node v to nodes u1, . . . , ui . 
Formally: Gi = G − {{v, u j} : j ≤ i}. We need to prove that:

Av(G) = |NG(v)| −
∑

ui∈NG (v)

�
v,ui
v (Gi).

Observe that G0 = G . On the other hand, in graph Gk , node v does not have any edges, i.e., it is isolated. From Normalization 
we have that the Attachment centrality of an isolated node equals zero, so Av (Gk) = 0.

From Lemma 4 and the fact that Gi−1 = Gi + {v, ui}, we have that:

Av(Gi−1) − Av(Gi) = −�
v,ui
v (Gi) + 1, for every i ∈ {1, . . . ,k}. (22)

Summing (22) over all i ∈ {1, . . . , k} we get that:

Av(G0) − Av(Gk) = −
∑

i∈{1,...,k}
�

v,ui
v (Gi) + k.

Since we know that |NG (v)| = k, i ∈ {1, . . . , k} is equivalent to ui ∈ NG(v), G0 = G and Av(Gk) = 0 this concludes the proof 
of Theorem 7. �

In the next subsection, we show how the relation between the Attachment centrality and induced paths can be used to 
study how cut cliques, bridges and leaves in a graph affect the Attachment centrality.
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5.2. Cut cliques, bridges and leaves

The following result plays the crucial role in our analysis how the presence of cut cliques in the graph affects the 
Attachment centrality.

Theorem 8. If G = (V , E) is a connected graph such that C ⊆ V forms a clique and K (G[V \ C]) = {S1, . . . , Sk}, then:

Av(G) =
{

Av(G[Si ∪ C]) if v ∈ Si,(∑
i∈{1,...,k} Av(G[Si ∪ C])

)
− 2(|C |−1)

|C | (k − 1) if v ∈ C .
(23)

Proof. First, let us focus on an arbitrary node, v ∈ Si for some i ∈ {1, . . . , k}. We need to show that Av(G) = Av(G[Si ∪ C]). 
From Locality, we know that Av(G[Si ∪ C]) = Av(V , E[Si ∪ C]), so equivalently we need to show that Av (G) = Av(V , E[Si ∪
C]). To put it in words, our goal is to prove that the Attachment centrality of node v is not affected by the removal of any 
of the edges from the components other than Si � v that emerge after removing cut clique C . To this end, we begin by 
proving that removing one such edge does not affect the Attachment centrality:

(*) For G = (V , E), if C forms a clique and Si ∈ K (G[V \ C]), then Av(G) = Av(G − {u, w}) for every {u, w} ∈ E \ E[Si ∪ C].

Since Si is a component in G[V \ C], then edges from E \ E[Si ∪ C] are not incident to nodes from Si , i.e., u, w �∈ Si . Now 
recall that based on Theorem 6 it is sufficient to show that v is not on any induced path between u and w in G − {u, w}. 
Assume otherwise: let p ∈ �i(u, w) be an induced path such that v ∈ p. This path consists of two parts: a path from u to v
and a path from v to w . Since v ∈ Si and u, w �∈ Si , we know that both of these paths contain a node from C . This implies 
that p is not induced, as it contains the same node from C twice or two different non-consecutive nodes from C which—by 
the definition—are connected by an edge. Thus, we proved that (*) holds.

To show that all edges from E \ E[Si ∪ C] can be removed, it is sufficient to prove that after removing one edge, {u, w}, 
the graph G ′ = G − {u, w} also satisfies the assumptions of (*), i.e., C forms a clique in G ′ and Si ∈ K (G ′[V \ C]). To see 
why this is the case, observe that the removed edge is not from E[C] (i.e., C still forms a clique in G ′) and the edges of the 
nodes from Si have remained intact (i.e., Si is a component in K (G ′[V \ C])). This implies that, starting from graph G , we 
can remove edges from E \ E[Si ∪ C] one by one and (*) implies that the Attachment centrality of node v remains intact. 
Thus, after removing all such edges we get the graph (V , E[Si ∪ C]) and we get Av (G) = Av(V , E[Si ∪ C]), which concludes 
the first part of the proof.

Now let us turn our attention to an arbitrary node v ∈ C and denote the graph (V , E[Si ∪ C]) by Gi . From Locality we 
know that Av(G[Si ∪ C]) = Av(Gi). Thus, we need to prove that:

Av(G) =
∑

i∈{1,...,k}
Av(Gi) − 2(|C | − 1)

|C | · (k − 1). (24)

To this end, let us analyze the marginal contribution of node v to an arbitrary coalition S ⊆ V \ {v} in game f ∗/G and 
in game f ∗/Gi for every i ∈ {1, . . . , k}. Recall that based on Definition 1, f ∗/G(S ∪ {v}) − f ∗/G(S) = |K (G[S])| − |K (G[S ∪
{v}])| + 1, which is equivalent to the number of components of G[S] that are connected to v .

Without loss of generality, let K (G[S]) = {T1, . . . , Tl} be the components of S and assume that v is connected to the first 
m components: T1, . . . , Tm for m ≤ l. Observe that if component T j contains a node from C , then it contains all nodes from 
S ∩ C . This implies that there exists at most one component that contains nodes from C (and if it exists, then it must be 
connected to v) and all other components are subsets of components S1, . . . , Sk . This can be formalized as follows:

m = |{ j ∈ {1, . . . ,m} : ∃i T j ⊆ Si}| + [S ∩ C �= ∅]. (25)

Recall that in graph Gi there are only edges between nodes from Si ∪ C . So, node v ∈ C in graph Gi is connected only to 
components T j that are subsets of component Si and to nodes from S ∩ C , if there exists:

K (Gi[S]) − K (Gi[S ∪ {v}]) + 1 = |{ j ∈ {1, . . . ,m} : T j ⊆ Si}| + [S ∩ C �= ∅].
Summing over all i ∈ {1, . . . , k} and using (25) we get:∑

i∈{1,...,k}
(K (Gi[S])−K (Gi[S ∪ {v}]) + 1) = m + (k − 1) · [S ∩ C �= ∅]

= (K (G[S]) − K (G[S ∪ {v}]) + 1) + (k − 1) · [S ∩ C �= ∅].
Thus, using Definition 1, we get that∑

Av(Gi) = Av(G) + (k − 1) · 2|{π ∈ �(V ) : Sπ
v ∩ C �= ∅}|

|V |! .
i∈{1,...,k}
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Fig. 4. A sample graph of 7 nodes. For a cut clique C = {v1, v2, v3}, we have K (G[V \ C]) = {{v4}, {v5}, {v6, v7}}. Theorem 8 implies, in particular, that 
Av4 (G) = Av4 (G[C ∪ {v4}]) and Au(G) = Au(G[C ∪ {v4}]) + Au(G[C ∪ {v5}]) + Au(G[C ∪ {v6, v7}]) − 8/3 for every u ∈ C .

In permutation π , it holds that Sπ
v ∩ C �= ∅ if and only if v is not the first node from C . This happens with probability 

(|C | − 1)/|C |, which concludes the proof of Theorem 8. �
See Fig. 4 for an illustration of the implications of Theorem 8. From this theorem, we know that if there exists a cut 

clique, then the Attachment centrality of a graph can be computed based on the Attachment centrality of subgraphs de-
termined by the cut clique. We will use this fact as one of the foundations of our algorithmic analysis of the Attachment 
Centrality in Section 6.

Now we will analyze how the removal of a cut vertex or a bridge influences the Attachment centrality of other nodes.

Corollary 9. The Attachment centrality satisfies the following properties:

(a) (Leaf) The centrality of a leaf equals 1. Moreover, removing a leaf from the graph decreases the centrality of its only neighbor by 1
and does not affect the centrality of other nodes.

(b) (Cut vertex) The centrality of a cut vertex equals the sum of its centralities in the graphs induced by itself and the nodes from each 
component created by its removal.

(c) (Bridge) Removing a bridge decreases the centrality of both its ends by 1 and does not affect the centrality of other nodes.

Proof. We will prove that the Attachment centrality satisfies these properties one by one.

(a) Assume v is a leaf and N(v) = {u}. Clearly, u is a cut clique of size 1 and Theorem 8 implies that Av(G) =
Av({v, u}, {{v, u}}) = 1 (from Normalization), Au(G) = Au(G[V \{v}]) +1, and Aw(G) = Aw(G[V \{v}]) for w ∈ V \{v, u}.

(b) Assume G is connected and K (G[V \ {v}]) = {S1, . . . , Sk}. From Theorem 8 for C = {v} we get that Av(G) =∑
i∈{1,...,k} Av(G[Si ∪ {v}]).

(c) Assume {v, u} is a bridge and K (G − {v, u}) = {S v , Su}. Since both v and u are cut vertices, from Locality and 
the analysis of cut vertices we get that Aw(G − {v, u}) = Aw(G[S v ]) = Aw(G) for every w ∈ S v and, analogously, 
Aw(G[Su]) = Aw(G) for every w ∈ Su . On the other hand, Av(G) = Av(G[S v ]) + Av(G[Su ∪ {v}]). Since v is a leaf 
in G[Su ∪ {v}], from the analysis of leaves we get that Av (G) = Av(G − {v, u}) + 1. In the same way we can prove that 
Au(G) = Au(G − {v, u}) + 1.

This concludes the proof of Corollary 9. �
Building upon the above analysis, in the next section we study the computational complexity of the Attachment central-

ity.

6. Complexity results

In this section, we study the computational complexity of the Attachment centrality. First, we show that computing the 
Attachment centrality is #P-complete. Then, we propose a polynomial algorithm for chordal graphs and, building upon this 
algorithm, we propose a general-purpose algorithm with the exponential pessimistic time complexity. Finally, we test our 
algorithm on the terrorist network responsible for the Madrid train bombing in 2004.

6.1. Hardness result

To show that computing the Attachment centrality is #P-complete, we first show that computing the Attachment Delta 
is #P-complete. To this end, we will use the reduction from #3-SAT—the problem of counting the number of satisfying 
assignments of a given Boolean formula in the 3-CNF form. This result, combined with Lemma 4, will imply that computing 
the Attachment centrality is also #P-complete.
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Fig. 5. Graphs Xi and D j used in the proof of Theorem 10.

Theorem 10. Computing the Attachment Delta is #P-complete.

Proof. The value n!�s,t
v (G) can be considered as the number of accepting paths of nondeterministic Turing machine, so the 

problem is in #P.
To show that the problem is #P-complete, we use the reduction from the #3-SAT problem. Fix logical variables X =

{x1, . . . , xn}. Let C = {C1, . . . , Cm} be m clauses, each of the form C j = z1
j ∨ z2

j ∨ z3
j , where zk

j ∈ {x1, ¬x1, . . . , xn, ¬xn} for 
k ∈ {1, 2, 3}. The (truth) assignment is function X → {0, 1} that, for every variable xi , assigns a logical value 1 (true) or 0
(false). Now, the #3-SAT problem is to determine, given clauses C1, . . . , Cm , how many assignments satisfy C1 ∧ · · · ∧ Cm?

We will construct a graph, G , with nodes s, t , and v such that the Attachment Delta, �s,t
v (G), is equal to the number of 

assignments satisfying C1 ∧· · ·∧ Cm multiplied by some weight, β(n, m). Specifically, we will show that the number of truth 
assignments is equal to the size of set S(G) defined as follows:

S(G) = {S ⊆ V \ {v} : (s �∼G[S] t) ∧ (s ∼G[S∪{v}] t)}, (26)

and that �s,t
v (G) = β(n, m) · |S(G)|. The construction of graph G is inspired by the work of Bienstock [8]. In more detail, G

consists of:

• n subgraphs corresponding to n logical variables;
• m subgraphs corresponding to m clauses; and
• additional nodes: s, t and v .

For a variable, xi ∈X , we define graph Xi = (V (Xi), E(Xi)) as follows:

Xi = ({a�
i ,b�

i , t�
i , f �

i ,a⊥
i ,b⊥

i , t⊥
i , f ⊥

i }, {{a◦
i , t◦

i }, {t◦
i ,b◦

i }, {a◦
i , f ◦

i }, { f ◦
i ,b◦

i } : ◦ ∈ {�,⊥}}).
See Fig. 5 for an illustration. Intuitively, path (a◦

i , t
◦
i , b

◦
i ) corresponds to xi = 1, and (a◦

i , f
◦
i , b◦

i )—to xi = 0.
For a clause, C j ∈ C , we define graph D j = (V (D j), E(D j)) as follows:

D j = ({c j,d j, g1
j , . . . , g7

j }, {{c j, gk
j}, {gk

j ,d j} : k ∈ {1, . . . ,7}}).
See Fig. 5 for an illustration. Intuitively, for C j = z1

j ∨ z2
j ∨ z3

j , if z1
j , z

2
j , z

3
j are literals of xi1 , xi2 , xi3 , then each of the 7 

paths (c j, gk
j , d j) corresponds to one truth assignment {xi1 , xi2 , xi3 } → {0, 1} that satisfies C j . Specifically, if k = (k1k2k3)2

in a binary notation, then path (c j, gk
j , d j) corresponds to z1

j = k1, z2
j = k2 and z3

j = k3. This truth assignment can be 
equivalently characterized by the set of variables with value “true” and the set of variables with value “false”, defined as 
follows: T (gk

j) = {xi ∈ X : k = (k1k2k3)2 ∧ (∃1≤l≤3 (kl = 1 ∧ zl
j = xi) ∨ (kl = 0 ∧ zl

j = ¬xi))} and F (gk
j) = {xi ∈ X : ∃1≤l≤3 (zl

j ∈
{xi, ¬xi})} \ T (gk

j).

For example, consider clause C1 = x1 ∨ x2 ∨ x3 and k = 1 = (001)2. Now, path (c1, g1
1, d1) corresponds to assignments 

in which x1 = 0, x2 = 0, and x3 = 1 (here, T (g1
1) = {x3} and F (g1

1) = {x1, x2}). On the other hand, for C2 = ¬x1 ∨ x2 ∨ x4

and k = 3 = (011)2, path (c2, g3
2, d2) corresponds to assignments in which ¬x1 = 0 (i.e., x1 = 1), x2 = 1, and x4 = 1 (here, 

T (g3) = {x1, x2, x4} and F (g3) = ∅).
2 2
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Fig. 6. Graph G for variables x1, . . . , x4 and clauses C1 = x1 ∨ x2 ∨ ¬x3 and C2 = ¬x1 ∨ x2 ∨ x4. For clarity of presentation, red edges incident to nodes 
g2

1, . . . , g7
1 and g1

2, . . . , g7
2 have been omitted; other red edges have been drawn with dotted lines.

We are now ready to formally define graph G = (V , E). In G , the set of vertices is:

V = {s, t, v} ∪
⋃

xi∈X
V (Xi) ∪

⋃
C j∈C

V (D j).

The set of edges will consists of black (regular) edges and red (forbidden) edges: E = E B ∪ E R . The black (regular) edges are 
defined as follows:

E B = {{s,a�
1 }, {t,a⊥

1 }} ∪
⋃

xi∈X
E(Xi) ∪ {{b�

i ,a�
i+1}, {b⊥

i ,a⊥
i+1} : 1 ≤ i < n}∪

{{b�
n , c1}} ∪

⋃
C j∈C

E(D j) ∪ {{d j, c j+1} : 1 ≤ j < m} ∪ {{dm, v}, {b⊥
n , v}}.

See Fig. 6 for an illustration. The red (forbidden) edges will connect nodes that are not allowed to be together in the same 
set:

E R = {{gk
j , t�

i }, {gk
j , t⊥

i }} : C j ∈ C, xi ∈ F (gk
j)}∪

{{gk
j , f �

i }, {gk
j , f ⊥

i }} : C j ∈ C, xi ∈ T (gk
j)} ∪ {{t�

i , f ⊥
i }, {t⊥

i , f �
i } : xi ∈ X }.

For every variable xi ∈ X , node t�
i is connected by a forbidden red edges to f ⊥

i , and t⊥
i to f �

i . Moreover, for every clause 
C j and 1 ≤ k ≤ 7, we add 6 edges between gk

j and nodes t�
i , t⊥

i for xi ∈ F (gk
j), and f �

i , f ⊥
i for xi ∈ T (gk

j). For example, for 
C j = x1 ∨ x2 ∨ ¬x3, we already argued that k = 1 = (001)2 corresponds to assignment x1 = 0, x2 = 0, and x3 = 1. Thus, we 
connect node gk

j by red edges with t�
1 , t⊥

1 , t�
2 , t⊥

2 , f �
3 , and f ⊥

3 . See Fig. 6 for an illustration.
In the remainder of the proof we will show a one-to-one mapping between assignments satisfying C1 ∧ · · · ∧ Cm and 

subsets of nodes S ∈ S(G) (see (26) for the definition). Lemma 11 maps every assignment to a subset from S(G). In 
Lemma 12, a mapping from a subset from S(G) to an assignment will be defined.

Lemma 11. For every assignment x1, . . . , xn satisfying C1 ∧ · · · ∧ Cm, the set:

S = {s, t} ∪ {a�
i ,b�

i ,a⊥
i ,b⊥

i : xi ∈ X } ∪ {c j,d j : C j ∈ C} ∪
{t�

i , t⊥
i : xi = 1} ∪ { f �

i , f ⊥
i : xi = 0} ∪ {gk

j : C j ∈ C,k = (z1
j z2

j z3
j )2}

is in S(G), i.e., satisfies (s �∼G[S] t) and (s ∼G[S∪{v}] t).

Proof. Let t f ◦
i = t◦

i if xi = 1, and t f ◦
i = f ◦

i , otherwise, for ◦ ∈ {�, ⊥}. Also, let k j = (z1
j z2

j z3
j )2. First, observe that all nodes 

from S ∪ {v} form a path:

p=(s,a�
1 , t f �

i ,b�
1 , . . . ,a�

n , t f �
n ,b�

n , c1, gk1
1 ,d1, . . . , cm, gkm

m ,dm, v,b⊥
n , t f ⊥

n ,a⊥
n , . . . , t).

Thus, (s ∼G[S∪{v}] t). It remains to prove that (s �∼G[S] t). To this end, it suffices to show that p is an induced path, i.e., there 
exists no edge between two non-consecutive edges. Clearly, there is no such black (regular) edge. Consider red (forbidden) 
edges. Since either S ∩{t�

i , t⊥
i } = ∅ or S ∩{ f �

i , f ⊥
i } = ∅, we get that {t�

i , f ⊥
i }, { f �

i , t⊥
i } �∈ E[S] for every xi ∈X . Now, consider 

red edges from g
k j for an arbitrary C j ∈ C . We know that k j = (z1z2, z3)2. Without loss of generality, let us focus on z1. We 
j j j j j
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know that z1
j = xi or z1

j = ¬xi for some xi ∈X . Assume z1
j = 1. It means that if z1

j = xi , then xi = 1 and there are red edges 

to f �
i , f ⊥

i , but since xi = 1 these nodes are not in S . On the other hand, if z1
j = ¬xi , then xi = 0 and red edges connect g

k j

j

with t�
i , t⊥

i , but these nodes are not in S . Analogously, we can prove that if z1
j = 0, then nodes incident to red edges from 

g
k j

j are not in S . Thus, p is induced and (s �∼G[S] t). This concludes the proof of Lemma 11. �
Note that for different assignments the set S is different—if two assignments differ with respect to variable xi , then for 

one assignment we have {t�
i , t⊥

i } ⊆ S , and for the other one {t�
i , t⊥

i } �⊆ S . Thus, from Lemma 11, we get that:

|S(G)| ≥ number of assignments x1, . . . , xn satisfying C1 ∧ · · · ∧ Cm. (27)

In the following lemma, we show that every set from S(G) has the form described in Lemma 11 for some assignment; this 
will imply that the number of sets in S(G) is indeed equal to the number of assignments.

Lemma 12. For every S ∈ S(G), assignment xi = 1 if t�
i ∈ S, xi = 0, otherwise, satisfies C1 ∧ · · · ∧ Cm; moreover, |S| = 6n + 3m + 2

and for two different sets S, S ′ ∈ S(G) these assignments are different.

Proof. Fix S ∈ S(G), i.e., S ⊆ V \ {v} such that (s �∼G[S] t) and (s ∼G[S∪{v}] t). We begin by proving that there are no red 
edges in G[S], i.e., E[S] ∩ E R = ∅. To this end, consider the following property:

P (i) = there are no red edges in G[S] incident to nodes from X1, . . . , Xi .

We will prove that P (i) holds by induction over i ∈ {1, . . . , n}. For i = 0, P (0) trivially holds. Fix i ≥ 1 and assume P (i − 1)

holds. We will prove that P (i) holds.
From P (i − 1), assumption (s ∼G[S∪{v}] t) and the construction of the graph we get that a�

i , a⊥
i are on the path from s

and t in G[S ∪ {v}]. So, we know that:

((t�
i ∈ S) ∨ ( f �

i ∈ S)) and ((t⊥
i ∈ S) ∨ ( f ⊥

i ∈ S)). (28)

Furthermore, from the assumption that s and t are not connected in G[S], i.e., (s �∼G[S] t), we get that red edges {t�
i , f ⊥

i }
and {t⊥

i , f �
i } are not in E[S]:

((t�
i �∈ S) ∨ ( f ⊥

i �∈ S)) and ((t⊥
i �∈ S) ∨ ( f �

i �∈ S)). (29)

By combining (28) and (29) we get: (t�
i ∈ S) ⇒ ( f ⊥

i �∈ S) ⇒ (t⊥
i ∈ S) ⇒ ( f �

i �∈ S). Analogously, (t�
i �∈ S) ⇒ ( f �

i ∈ S) ⇒ (t⊥
i �∈

S) ⇒ ( f ⊥
i ∈ S). As a result, we have that:

S ∩ {t�
i , t⊥

i , f �
i , f ⊥

i } ∈ {{t�
i , t⊥

i }, { f �
i , f ⊥

i }}. (30)

This implies that other red edges also cannot be in G[S]: we have that {t�
i , gk

j } ∈ E[S] is equivalent to {t⊥
i , gk

j } ∈ E[S] for 
every C j ∈ C , k ∈ {1, . . . , 7}, but if both conditions are satisfied, then the assumption (s �∼G[S] t) is violated. Analogously, 
{ f �

i , gk
j } ∈ E[S] is equivalent to { f ⊥

i , gk
j } ∈ E[S] which also leads to the contradiction. This concludes the proof of P (i).

Now observe that every edge is incident to a node from Xi . Thus, P (n) implies that there are no red edges in G[S]. This 
fact combined with (s ∼G[S∪{v}] t) imply:

• {a�
i , a⊥

i , b�
i , b⊥

i } ∈ S for every xi ∈ X , {c j, d j} ∈ S for every C j ∈ C and s, t ∈ S (every path in G between s and t that 
does not use red edges goes through these nodes);

• S ∩ {t�
i , t⊥

i , f �
i , f ⊥

i } ∈ {{t�
i , t⊥

i }, { f �
i , f ⊥

i }} for every xi ∈X (from (30));

• |S ∩ {g1
j , . . . , g

7
j }| = 1 for every C j ∈ C (since c j and d j are connected, we have |S ∩ {g1

j , . . . , g
7
j }| ≥ 1; if gk

j , g
k′
j ∈ S for 

some C j and 1 ≤ k < k′ ≤ 7, then there must exist xi ∈ X such that gk
j is connected to t�

i and t⊥
i by red edges, and gk′

j

is connected to f �
i and f ⊥

i by red edges; (30) leads to the contradiction).

Thus, we know that S contains: 6 nodes from Xi for every xi ∈ X , 3 nodes from D j for every C j ∈ C , s and t; overall 
|S| = 6n + 3m + 2.

Now, for S ∈ S(G) let us consider an assignment xi = [t�
i ∈ S]. First, let us argue that a different set will result in different 

assignments. Assume otherwise that there exists S, S ′ ∈ S(G) such that [t�
i ∈ S] = [t�

i ∈ S ′] for every xi ∈ X . Immediately 
from the characterization of sets from S(G) we get that S ∩ {t�

i , t⊥
i , f �

i , f ⊥
i } = S ′ ∩ {t�

i , t⊥
i , f �

i , f ⊥
i } for every xi ∈X , which 

implies S ∩ {g1
j , . . . , g

7
j } = S ′ ∩ {g1

j , . . . , g
7
j } for every C j ∈ C . Thus, we get that S = S ′ .

It remains to prove that for assignment xi = [t�
i ∈ S] formula C1 ∧ · · · ∧ Cm is satisfied. Fix C j = z1

j ∨ z2
j ∨ z3

j and assume 
gk ∈ S for some 1 ≤ k = (k1k2k3)2 ≤ 7. Since k ≥ 1 we have kl = 1 for some l ∈ {1, 2, 3}. We know that zl ∈ {xi, ¬xi} for some 
j j
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xi ∈ X . If zl
j = xi , then node gk

j has red edges to nodes f �
i , f ⊥

i , so they cannot be in S . From this and (30), we get that 
t�

i , t⊥
i ∈ S . In result, based on the assignment, xi = 1, zl

j = xi = 1 and C j is satisfied. On the other hand, if zl
j = ¬xi , then 

node gk
j has red edges to nodes t�

i , t⊥
i . Hence, again, from (30) we get that f �

i , f ⊥
i ∈ S . In result, based on the assignment, 

xi = 0, zl
j = ¬xi = 1 and C j is satisfied. This concludes the proof of Lemma 12. �

Based on Lemma 12 we get that:

|S(G)| ≤ number of assignments x1, . . . , xn satisfying C1 ∧ · · · ∧ Cm. (31)

Combining (27) and (31) we get that the number of assignments that satisfies C1 ∧ · · · ∧ Cm is equal to the number of 
coalitions S ∈ S(G). Furthermore, in Lemma 12 we proved that all sets from S(G) have (6n + 3m + 2) nodes. Thus, from 
Definition 2 we have that:

�s,t
v (G) = 2 · |{π ∈ �(V ) : (s �∼G[Sπ

v ] t) ∧ (s ∼G[Sπ
v ∪{v}] t)}|

|V |! = 2(6n + 3m + 2)!(2n + 6m)!
(8n + 9m + 3)! · |S(G)|,

where (8n + 9m + 3) is the number of nodes in G and (2n + 6m) is the number of nodes outside S ∪ {v} for every S ∈ S(G). 
The equality follows the fact that for every subset, S ⊆ V \ {v}, there are |S|!(|V | − |S| − 1)! permutations in which Sπ

v = S; 
here, S! is the number of possible orderings of nodes from S before v , and (|V | − |S| − 1)! is the number of possible 
orderings of nodes from V \ (S ∪ {v}) after v .

Thus, computing the Attachment Delta �s,t
v (G) gives us the number of assignments that satisfy C1 ∧ · · · ∧ Cm . Since the 

problem of computing the number of such assignments (i.e., #3-SAT) is #P-complete and computing the Attachment Delta 
is in #P, it proves that computing the Attachment Delta is also #P-complete. This concludes the proof of Theorem 10. �

In result, we get that computing the Attachment centrality itself is also #P-complete.

Corollary 13. Computing the Attachment centrality is #P-complete.

Proof. The value n!Av (G) can be considered as the number of accepting paths of nondeterministic Turing machine, so the 
problem is in #P. Now, from Lemma 4, we know that �s,t

v (G) = Av(G) − Av(G + {s, t}) for every v ∈ V \ {s, t}. Thus, com-
puting the Attachment centrality would allow us to compute the Attachment Delta. Since based on Theorem 10 computing 
the Attachment Delta is #P-complete we get that computing the Attachment centrality is also #P-complete. �

Our results show that computing the Attachment centrality is challenging and, in general, requires an exponential num-
ber of steps (unless P = NP). In the next sections, we will present our algorithms that try to deal with the exponential time 
complexity for chordal graphs.

6.2. Algorithm for chordal graphs

In this section, we present a polynomial time algorithm for chordal graphs. To this end, we start with some additional 
terminology.

The elimination ordering π = (v1, v2, . . . , vn) is a permutation of nodes, i.e., a bijection π : V → {1, . . . , n}. The fill-in
caused by ordering π , denoted by Eπ , is the set of edges defined as follows:

Eπ = {{u, w} �∈ E : π(u) < π(w), u ∼G[Sπ
u ∪{u,w}] w.}

Recall that Sπ
v is the set of predecessors of v in π . To put it in words, the fill-in contains edges between nodes which are 

connected by a path that consists of nodes that are earlier in the permutation than both of them. Elimination ordering π is 
perfect if the fill-in Eπ is empty and it is minimal if there is no ordering π ′ such that Eπ ′ � Eπ . The graph that results from 
adding the edges in Eπ to G is denoted by Gπ = (V , E ∪ Eπ ) and is called a fill-in graph. See Fig. 7 for an illustration.

Our first algorithm will be dedicated to chordal graphs. A graph is chordal if it contains no induced cycle of length four or 
more. In other words, every cycle longer than three has a chord, i.e., an edge joining two non-consecutive nodes on a cycle. 
Importantly, Fulkerson and Gross [24] proved that a graph is chordal if and only if it has a perfect elimination ordering.

Let us analyze in more detail a perfect elimination ordering, π = (v1, . . . , vn). Fix vk and consider two of its neighbors, 
u, w , which are in π after vk , i.e., u, w ∈ NG(v) such that π(u), π(w) > k. Since p = (u, vk, w) is a path in G[Sπ

u ∪ {u, w}], 
we get that {u, w} ∈ E or {u, w} ∈ Eπ . We assumed that π is a perfect elimination ordering, so Eπ = ∅ which implies 
{u, w} ∈ E . This shows that every two neighbors of node vk in graph G[{vk, . . . , vn}] are connected by an edge which 
means that node vk is simplicial in graph G[{vk, . . . , vn}]—a node is called simplicial if its neighbors form a clique.

Building upon this analysis and our result about cut cliques from Corollary 9, we show that the Attachment centrality 
can be calculated in polynomial time in chordal graphs.
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v1

v2 v4

v5

v3

v7

v6

v8

v9

Fig. 7. An elimination ordering π = (v1, v2, . . . , v9) is a minimal elimination ordering of a graph G = (V , E). Dashed lines represent the fill-in Eπ caused 
by ordering π . In result, Gπ = (V , E ∪ Eπ ) is a chordal graph and π is its perfect elimination.

Theorem 14. The Attachment centrality can be calculated in chordal graphs in polynomial time.

Proof. We begin by considering simplicial nodes. Fix v ∈ V and let C = NG(v) be the set of neighbors of v that forms a 
clique. We will prove that the Attachment centrality in G can be easily determined based on the Attachment centrality in 
graph G[V \ {v}]. Specifically:

Au(G) =

⎧⎪⎨
⎪⎩

2|C |
|C |+1 if u = v,

Au(G[V \ {v}]) + 2
|C |(|C |+1)

if u ∈ C,

Au(G[V \ {v}]) otherwise.

(32)

To this end, observe that C ∪ {v} is a clique. From the fact that all nodes in graph G[C ∪ {v}] are symmetrical we get 
that:

Av(G[C ∪ {v}]) = 2|C |
|C | + 1

= Au(G[C ∪ {v}]) for every u ∈ C .

Analogously, Au(G[C]) = 2(|C |−1)
|C | and Au(G[C ∪ {v}]) − Au(G[C]) = 2

|C |(|C |+1)
for every u ∈ C . Thus, if V = C ∪ {v}, then (32)

holds.
Assume otherwise. In such a case, we get that C is a cut clique and, since all neighbors of v are in C , we also get that 

{v} ∈ K (G[V \ C]). Now assume that K (G[V \ C]) = {{v}, S2, . . . , Sk} for some k > 1. From Theorem 8 we have: Av(G) =
Av(G[C ∪ {v}]) = 2|C |

|C |+1 . Now, consider u ∈ C . We will use Theorem 8 twice. For C in G we get:

Au(G) = 2|C |
|C | + 1

+
∑

i∈{2,...,k}
Au(G[Si ∪ C]) − 2(|C | − 1)

|C | (k − 1), (33)

and for C in G[V \ {v}] we get:

Au(G[V \ {v}]) =
∑

i∈{2,...,k}
Au(G[Si ∪ C]) − 2(|C | − 1)

|C | (k − 2). (34)

Combining (33) and (34) we get that Au(G) = Au(G[V \ {v}]) + 2
|C |(|C |+1)

. Now, fix w ∈ V \ (C ∪ {v}) and assume w ∈ S j for 
some j ∈ {2, . . . , k}. Again, by considering cut clique C in graphs G and G[V \ {v}] from Theorem 8 we get:

Aw(G) = Aw(G[S j ∪ C]), and Aw(G[V \ {v}]) = Aw(G[S j ∪ C]).
Thus, Aw(G) = Aw(G[V \ {v}]). This concludes the proof of (32).

Now, it is known that a perfect elimination ordering can be found in polynomial time [61]—we will discuss one algorithm 
for this purpose after the proof. The Attachment centrality in graph G[{vn}] is trivial. Now, assume we know the Attachment 
centrality in graph G[{vk+1, . . . , vn}]. We already argued that in a perfect elimination ordering node vk is simplicial in graph 
G[{vk, . . . , vn}]. So from (32) we get that the Attachment centrality of every node in G[{vk, . . . , vn}] can be calculated in 
polynomial time based on the Attachment centrality in graph G[{vk+1, . . . , vn}]. After n − 1 such steps we will get the 
Attachment centrality in graph G[{v1, . . . , vn}] = G . This concludes the proof of Theorem 14. �

Let us discuss how to find a perfect elimination ordering. To this end, we use the maximum cardinality search (MCS), 
proposed by Tarjan and Yannakakis [61]. In this method, we create a perfect elimination ordering in a reverse order, by 
iterating backwards from n to 1. In the first step, we choose an arbitrary node and put it at the end of the ordering. 
Then, in each step, we add to the ordering a node with the largest number of neighbors with assigned positions. From [61, 
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Algorithm 1: Computing the Attachment centrality in chordal graphs
Input: Chordal graph G = (V , E)

Output: Attachment centrality Av (G) for every v ∈ V

1 foreach v ∈ V do
2 Av ← 0; Nv ← ∅; πv ← 0;

// maximum cardinality search
3 for k ← |V | downto 1 do
4 v ← node with πv = 0 and the largest |Nv |;
5 πv ← k;
6 foreach u ∈ V : (πu = 0) do
7 if {v, u} ∈ E then
8 Nu ← Nu ∪ {v};

9 foreach u ∈ Nv do
10 Au ← Au + 2/(|Nv | · (|Nv | + 1));

11 Av ← 2 · |Nv |/(|Nv | + 1);

// π is a perfect elimination ordering
12 return Av for every v ∈ V ;

Theorem 2] we know that the resulting ordering is a perfect elimination ordering. Thus, we know that all these neighbors
form a clique and we can update the Attachment centrality in accordance with (32) from Theorem 14.

Algorithm 1 presents the pseudocode of our algorithm. Lines 1 and 2 initialize all variables. Here, the Attachment cen-
trality of every node v is Av (initialized to 0 at the beginning), Nv is the set of neighbors with assigned position in the 
ordering (empty at the beginning), and πv is its position in the perfect elimination ordering, i.e., π(v), or 0 if its not yet 
assigned (0 at the beginning). Lines 3–11 contain the main loop. In line 4, the node v with the largest set Nv is selected 
and assigned to position k in the ordering π . After that, in lines 6–8, for every neighbor u of v without assigned position, 
the set Nu is updated. Lines 9–11 update the Attachment centrality. In result, at the end of each iteration of the main loop, 
Au for every u ∈ V stores the Attachment centrality of a graph that consists of all nodes with assigned position, i.e., nodes 
at the last |V | − k + 1 positions in a perfect elimination ordering π . Finally, line 12 returns the Attachment centrality.

The time complexity of Algorithm 1 is O (|V | +|E|). To see why this is the case, observe that lines 6–8 can be performed 
one time for each edge when the first node incident to this edge has the position assigned. Furthermore, lines 9–10 are also 
performed one time for each edge when the second node incident to this edge has the position assigned. Therefore, the 
time to compute lines 6–10 is O (|E|) and to compute the other lines is O (|V |). The space complexity is also O (|V | + |E|), 
because the sum of sizes of sets Nv for every v is equal to the number of edges in the graph.

Example 3. Consider Algorithm 1 applied to graph Gπ from Fig. 7 (the graph defined by both solid and dashed lines). 
Consider the first iteration of the main loop. At the beginning (line 4), all sets Nu are empty and any node can be selected; 
assume that node v9 is chosen. Then, in lines 6–8 node v9 is added to sets Nu for its neighbors—v7 and v8. In result, 
after the first iteration, we have: Nv7 = Nv8 = {v9} and Nu = ∅ for every other u. Since Nv9 = ∅, in line 9–11 variables 
Av does not change. In the second iteration, either v7 or v8 is chosen in line 4; assume node v8 is chosen. Both v6 and 
v7—neighbors of v8 without assigned number—have v8 added to sets Nu in lines 6–8. Since Nv8 = {v9}, in lines 9-11 
we assign Av9 = 2/(1 · 2) = 1 and Av8 = 2 · 1/2 = 1. These values are the Attachment centralities in graph G[{v8, v9}]. 
The algorithm continues and systematically finds the Attachment centrality in graphs G[{v7, v8, v9}], . . . , G[{v2, . . . , v9}]
and finally in G[{v1, . . . , v9}] = G . We conclude Example 3 by outlining all the updates to variables Av performed by 
Algorithm 1:

Av1 Av2 Av3 Av4 Av5 Av6 Av7 Av8 Av9

k=8, lines 10-11 1.00 1.00
k=7, lines 10-11 1.33 0.33 0.33
k=6, lines 10-11 1.33 0.33 0.33
k=5, lines 10-11 1.33 0.33 0.33
k=4, lines 10-11 1.33 0.33 0.33
k=3, lines 10-11 1.33 0.33 0.33
k=2, lines 10-11 1.33 0.33 0.33
k=1, lines 10-11 1.33 0.33 0.33

1.33 1.67 2.00 2.00 2.00 1.67 2.33 1.66 1.33

6.3. Algorithm for general graphs

In this section, we present our general-purpose algorithm inspired by the algorithm for chordal graphs from the previous 
subsection. Recall that the algorithm for chordal graphs was based on the observation that if we consider nodes in a chordal 
graph in increasing order with respect to a perfect elimination ordering, then neighbors of every node form a clique in the 
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subgraph induced by the remaining nodes. In our general algorithm we will also look for cut cliques and apply Theorem 8; 
by doing so, we will limit the size of a graph for which an extensive calculation of the Myerson value is required. To 
decompose the graph using cut cliques we will use the algorithm proposed by Tarjan [60]. This algorithm is based on a 
minimal elimination ordering of a graph. We begin by discussing how to find such an ordering.

To find a minimal elimination ordering we use an extension of the maximum cardinality search proposed by Berry et 
al. [6], called MCS-M. As in a maximal cardinality search, we create an ordering in a reverse order. In the first step, we 
choose an arbitrary node and put it at the end of the ordering. Then, in each step, we add to the ordering a node with the 
largest number of nodes with assigned numbers that are connected to it directly (i.e., its neighbors) or indirectly through 
nodes earlier in the ordering. More precisely, a node u without assigned number is considered to be indirectly connected to 
node v if at the time v has a number assigned there exists a path from u to v such that every node in the middle of this 
path, w , has no number assigned and is connected to a smaller number of nodes added earlier than u. Thus, the difference 
between MCS-M and maximal cardinality search lies in considering also indirectly connected nodes. In fact, edges between 
indirectly connected nodes constitute the fill-in caused by the constructed ordering.

Let us go back to the description of the algorithm for cut clique decomposition by Tarjan [60]. First, in addition to finding 
a minimal elimination ordering π , the algorithm for each node v computes set Nv , defined as follows:

Nv = {u ∈ V : π(u) > π(v), {v, u} ∈ E ∪ Eπ }.
These sets can be found using MCS-M along with a minimal elimination ordering. Now, the algorithm considers nodes in 
the increasing order with respect to π and for each checks whether the set Nv is a cut clique. If it is, then node v and its 
component in the graph without cut clique Nv are removed from the graph and the procedure continues. Importantly, this 
procedure ensures that there exists no cut clique in the removed part of the graph, i.e., any found part cannot be further 
decomposed.

Algorithm 2: Computing the Attachment centrality
Input: Graph G = (V , E)

Output: Attachment centrality Av (G) for every v ∈ V

1 foreach v ∈ V do
2 Av ← 0; Nv ← ∅; πv ← 0;

// MCS-M [6]
3 for k ← |V | downto 1 do
4 v ← node with πv = 0 and the largest |Nv |;
5 πv ← k;
6 foreach u ∈ V : (πu = 0) do
7 if (v ∼ u) in G[{w ∈V : (πw =0) ∧ (|Nw | <|Nu |)} ∪{v, u}] then
8 Nu ← Nu ∪ {v};

// π is a minimal elimination ordering
9 U ← V ;

10 for k ← 1 to |V | do
11 v ← node with πv = k;
12 if v �∈ U then continue;
13 S v ← K v (G[U \ Nv ]);
14 if (Nv is a clique) ∧ (S v �= U \ Nv ) then
15 calculate M V ( f , G[S v ∪ Nv ]) for f (C) = 2(|C | − 1);
16 foreach u ∈ S v ∪ Nv do
17 Au ← Au + M V u( f , G[S v ∪ Nv ]);
18 if u ∈ Nv then Au ← Au − 2 · (|Nv | − 1)/|Nv |;
19 U ← U \ S v ;

20 calculate M V ( f , G[U ]) for f (C) = 2(|C | − 1);
21 foreach u ∈ U do
22 Au ← Au + M V u( f , G[U ]);

23 return Av for every v ∈ V ;

The pseudocode can be found in Algorithm 2. Here, lines 1 and 2 initialize variables, as in Algorithm 1. Lines 3–8 
correspond to the MCS-M algorithm and find a minimal elimination ordering as well as the sets Nv . Here, whenever a 
node, v , has a position in the ordering assigned, it is added to the set Nu for every unassigned node for which there exists 
a path p = (v, w1, . . . , wk, u) such that πwi = 0 and |Nwi | < |Nu | for every wi ∈ p. Equivalently, node u is such that v and 
u are connected in a subgraph induced by v , u and nodes defined as follows: {w ∈ V : (πw = 0) ∧ (|Nw | < |Nu|)}—these are 
the nodes that do not have a number assigned and have smaller sets Nw than node Nu . Note that this is the only line that 
differs between lines 1–8 in Algorithms 1 and 2 (i.e., between MCS and MCS-M).

Furthermore, lines 9–22 find a cut clique decomposition and compute the Attachment centrality. We model removing 
nodes from the graph with variable U that contains all nodes which are still in the graph (at the beginning initialized to 
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{v4, v5}

{v1, v2, v3, v4, v5} {v5, v7}

{v4, v5, v7} {v7, v8}

{v5, v6, v7, v8} {v7, v8, v9}

Fig. 8. A cut clique decomposition of a graph from Fig. 7.

set V in line 9). In each iteration of the loop (lines 10–19) node v from the k-th position in the ordering is considered (line 
11). If it was already removed from the graph we move to the next iteration (line 12). Set S v is the connected component 
in the graph with nodes from Nv removed from the graph. If nodes from Nv form a clique and S v does not contain all 
nodes in the graph, then Nv is a cut clique in graph G[U ]. In this case, from Theorem 8 we know that:

• For every node in S v , the Attachment centrality of that node in graph G is equal to its Attachment centrality in graph 
G[S v ∪ Nv ];

• For every node in Nv , the Attachment centrality of that node in graph G is equal to its Attachment centrality in graph 
G[S v ∪ Nv ] plus its Attachment centrality in graph G[U \ S v ] minus 2(|Nv | − 1)/|Nv |;

• For every node in U \ (Nv ∪ S v), the Attachment centrality of that node in graph G is equal to its Attachment centrality 
in graph G[U \ S v ].

Thus, we calculate the Attachment centrality of graph G[S v ∪ Nv ] using the algorithm for the Myerson value of the game 
f (C) = 2(|C | − 1) proposed by Skibski et al. [55] (line 15), add the correct values to nodes from S v ∪ Nv (lines 16–18) and 
remove the nodes in S v from the graph (line 19). After all iterations of the loop, we are left with the remaining part of 
the graph that cannot be further decompose. Thus, we again compute the Attachment centrality using the algorithm for the 
Myerson value of the game f (C) = 2(|C | − 1).

The running time of our algorithm highly depends on the topology of the graph. In the worst case, none of the decom-
position steps in line 14 will succeed and our algorithm will calculate the Myerson value for the entire graph in line 20. 
As shown by Skibski et al. [55], this will require enumerating all induced connected subgraphs of the graph, the number of 
which is usually exponential.4 The space complexity is also linear in respect to the number of induced connected subgraphs.

Example 4. Consider Algorithm 2 applied to graph G from Fig. 7. First, consider finding the minimal ordering (lines 3–8). 
After two iterations of the loop we have nodes v8 and v9 at the end of the ordering (i.e., πv8 = 8, πv9 = 9) and Nv6 = {v8}, 
Nv7 = {v8, v9} and Nu = ∅ for other nodes without assigned position. In the next iteration, node v7 has a position assigned 
(i.e., πv7 = 7 in line 5) and it is added to sets Nv3 , Nv4 and Nv6 . This is because nodes v3, v4 and v6 are all unnumbered, 
the former two are directly connected to v7 and the last one, v6, is connected undirectly with a path (v6, v4, v7) on which 
|Nv4 | < |Nv6 |. As a result, our algorithm finds the ordering π = (v1, . . . , v9) with the fill-in Eπ = {{v2, v3}, {v3, v5}, {v6, v7}}
(represented by dashed edges on Fig. 7).

Now, consider lines 9–22 that find the Attachment centrality by performing the cut clique decomposition of a graph. In 
the 1st iteration, for v1, we have Nv1 = {v2, v3}. Since Nv1 is not a clique, the set U and values Av remain unchanged. 
In the 2nd iteration, for v2, we have Nv2 = {v3, v4}. Again, Nv2 is not a clique. In the 3rd iteration, for v3, we have 
Nv3 = {v4, v5}. This time, Nv3 is a clique. Moreover, removing Nv3 from the graph results in more than one connected 
component: S v = {v1, v2, v3} and S v �= U \ Nv3 ; thus, the if-condition from line 14 is satisfied and the first cut clique is 
found. The algorithm calculates the Myerson value for graph G[{v1, . . . , v5}] (which—from the symmetry of all nodes—is 
equal to 1.6 for every node), updates the Attachment centrality, removes nodes {v1, v2, v3} from the set U (i.e., from the 
consideration) and moves forward with the procedure. The algorithm succeeds in finding a cut clique in the 4th and 6th 
iterations (for Nv4 = {v5, v7} and Nv6 = {v7, v8}). All updates of variables Av performed by Algorithm 2 are as follows:

Av1 Av2 Av3 Av4 Av5 Av6 Av7 Av8 Av9

k=3, line 17 1.60 1.60 1.60 1.60 1.60
k=3, line 18 −1.00 −1.00
k=4, line 17 1.33 1.33 1.33
k=4, line 18 −1.00 −1.00
k=6, line 17 1.50 1.50 1.50 1.50
k=6, line 18 −1.00 −1.00
k=9, line 22 1.33 1.33 1.33

1.60 1.60 1.60 1.93 2.43 1.50 2.16 1.83 1.33

4 See the work by Elkind [19] for the analysis of the case where the number of induced connected subgraphs in a graph is polynomial.
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Table 1
The ten highest ranked nodes in the Madrid network, according to different centrality indices. 
The numbers in columns 2–5 correspond to the nodes from Fig. 9.

Rank Attachment Betweenness Closeness Degree

1st 7 (Imad Eddin Barakat) 63 1 1
2nd 63 (Semaan Gaby Eid) 1 3 3
3rd 19 (Abderrahim Zbakh) 3 41 7
4th 61 (Mohamed El Egipcio) 40 7 11
5th 24 (Naima Oulad Akcha) 7 31 41
6th 11 (Amer Azizi) 31 40 18
7th 6 (Mohamed Chedadi) 24 24 24
8th 31 (Jamal Ahmidan) 19 11 19
9th 21 (Jose Emilio Suaez) 61 19 31

10th 1 (Jamal Zougam) 25 30 61

The resulting cut clique decomposition is presented in Fig. 8. Consequently, instead of performing the extensive Myerson 
value calculation for a graph of size 9, our algorithm only performs this calculation for 4 smaller subgraphs of sizes ranging 
from 3 to 5: {v1, v2, v3, v4, v5}, {v4, v5, v7}, {v5, v6, v7, v8} and {v7, v8, v9}. This concludes Example 4.

6.4. A case study: 2004 Madrid train bombings network

As a sample application, we focus on the identification of key terrorists in covert organizations. To this end, we analyze
the terrorist network responsible for the 2004 attacks on Madrid trains. The reasons behind our choice of the application 
and the network are twofold. Firstly, it has been recently argued that, in order to identify key members in a terrorist 
networks, one should focus on nodes that enable communication within that network [37,39]. Secondly, the Madrid network 
is relatively big and, thus far, has never been analyzed with a centrality index of this kind.

The Madrid network consists of 70 nodes and 243 edges. The size of the network makes it impractical to compute the 
existing centrality indices focused on nodes that enable communication. In more detail, the computation involves enumerat-
ing all induced connected subgraphs of the network. Unfortunately, even the state-of-the-art algorithm for this purpose [55]
takes over 100 seconds to compute the Myerson value for a sparse network with only 36 nodes. Furthermore, the running 
time grows exponentially with the size of the network; every additional node nearly doubles it. To address this challenge, 
we use Algorithm 2 introduced in the previous subsection to narrow down the set of nodes for which the Myerson value 
has to be calculated.

The original Madrid network [48] contains 6 isolated nodes. From Normalization, we know that the Attachment centrality 
of each of these nodes is 0. We also know from Locality that those 6 nodes can be removed without affecting the Attachment 
centrality of others. Furthermore, we observe that the Madrid network contains 8 leaf nodes. From Corollary 9, we know 
that every such node has an Attachment centrality of 1, and can easily be removed from the network (since the corollary 
specifies the impact of this removal). Moreover, from Theorem 14 we know that every node whose set of neighbors, K , 
forms a clique has an Attachment centrality of 2|K |

|K |+1 , and can easily be removed from the network (since the theorem 
specifies the impact of this removal on the Attachment centrality of other nodes). Note that removing nodes results in a 
chain reaction, meaning that the above rules can be applied repeatedly (e.g., by removing a leaf, some other node might 
become a leaf, which can then be removed, and so on).

Algorithm 2 carries out the above process systematically, by finding the cut clique decomposition of a graph. As we have 
already mentioned, the running time of our algorithm depends on the topology of the graph. In the case of the Madrid 
network, the largest subgraph for which the Myerson value had to be calculated in line (11) was a subgraph consisting of 
26 nodes. The running time on the entire network was 15.01 seconds on a standard desktop PC.

The results of our analysis are summarized in Table 1. As can be seen, the Attachment centrality significantly differs 
from the standard centrality indices. For instance, let us consider the two nodes with the highest number of edges—nodes 1
(Jamal Zougam) and 3 (Mohamed Chaoui)—which are positioned top by the Degree and Closeness centralities. Interestingly, 
the Betweenness centrality also gives them very high (the second and the third) positions while the Attachment centrality 
ranks node 1 as the tenth and node 3 even lower. Such a substantial difference between the Betweenness and Attachment 
centralities is quite surprising, given that nodes that connect different parts of the network are more likely to belong to 
shortest paths than other nodes. However, nodes 1 and 3 have so many neighbors that they are very often parts of the 
shortest paths in the network, more often than nodes important from the perspective of enabling communication.

Our analysis revealed a previously unknown aspect of the Madrid network. In particular, we identified several overlapping 
parts of the network that are almost fully connected, i.e., each part is almost a clique, except for very few missing edges. 
This new insight confirms the existing belief, that terrorist networks consist of rather sparsely-connected, highly-dense parts [63].

7. Conclusions

In this paper, we proposed the Attachment centrality—a new centrality index that belongs to the recently-proposed class 
of indices focusing on identifying nodes that enable communication altogether, rather than identifying nodes that contribute 
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Fig. 9. Madrid network. The node size reflects the Attachment centrality (the larger the node the greater its centrality). To highlight the differences even 
further, the node color is set to reflect the node size (the larger the node the darker the color).

towards the quality or speed of the communication within the network, as it is typically the case with the classical centrality 
indices such as Degree, Closeness, Betweenness, and Eigenvector. In other words, when using the Attachment centrality, a 
node is evaluated based on whether or not the network (or part of it) becomes disconnected if this node is removed.

The Attachment centrality, is equivalent to the Myerson value of the graph-restricted game defined by the characteristic 
function f ∗(S) = 2(|S| − 1). The new index has a simple and elegant interpretation: If we were to remove nodes from the 
network one by one in a random order, then the Attachment centrality of a node is the expected number of components 
created immediately after the removal of this node from the network, multiplied by 2 for the normalization purposes.

We proved that the Attachment centrality is the only centrality measure that satisfies a number of intuitive axioms. 
While there were a number of attempts in the literature to provide theoretical foundations to various centrality indices [51,
33,14], our analysis is the first in the literature that proposes an axiomatization of an index focusing on the aforementioned 
notion of connectivity.

Building upon our theoretical analysis we show that, while computing the Attachment centrality is #P-complete, it has 
certain computational properties that are more attractive than the Myerson value for an arbitrary game. In particular, it can 
be computed in chordal graphs in polynomial time.

There are various interesting directions in which our work can be extended. In particular, while most work on centrality 
measures considers unweighted graphs, many real-life networks are weighted. Sosnowska and Skibski [58] extended the 
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Attachment centrality to weighted graphs, but the computational complexity of this extension has not been studied to date. 
Yet another direction is the axiomatic analysis of other game-theoretic centralities. In this context, Skibski et al. [53] re-
cently proved that, while every centrality measure can be obtained using the game-theoretic approach, natural subclasses of 
game-theoretic centralities can be characterized by Fairness and its modifications. Finally, we plan to consider approximation 
algorithms for the Attachment centrality.
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